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Abstract

Searching for exotic contributions to double beta (ββ) decay is paramount for probing the nature

of neutrino masses and beyond the Standard Model physics. In this study, in addition to considering

Majorana neutrinos, we introduce a hypothetical Majoron particle φ which couples only to neutrinos

via both right and left-handed currents. This particle is assumed massive and scalar. After a brief

review of neutrino physics, we discuss the theory and experiments behind ββ decay, including the

key concepts of nuclear physics and experimental constraints which rule such reactions. We also

discuss corrections and realistic approximations needed to be made throughout the calculation of

the theoretical amplitudes. We then investigate three of the most promising ββ decay modes: the

standard neutrinoless double beta (0νββ) decay, the simplest Majoron emitting neutrinoless double

beta (0νββφ) decay, and as an extension to the known literature, we mainly investigate the two

peculiar modes of the simplest Majoron induced double beta (2νφββ) decay. We name the first mode

s-Channel. It is an extension to (0νββφ) decay, in which the Majoron is virtual and decays into a

pair of neutrinos. The second mode is called t+u-channel. It is a very distinct process, similar to

2νββ decay, in which the two emitted neutrinos are scattered via a Majoron exchange. We show

that the neutrino emitting processes favour emitting electrons with total energy less than half of the

decay’s kinetic energy release. Both 0νββφ and 2νφββ are demonstrated to be heavily suppressed by

the Majoron mass mφ. Also, for 2νφββ decay, we show that increasing mφ shifts the electron energy

distribution to a higher share of the kinetic energy release. This behaviour makes the normalised

energy distribution of both 2νφββ and the standard double beta (2νββ) decays overlap and become

almost indistinguishable for a large enough mφ. Our results motivate further theoretical dedication

and experimental searches for such exotic ββ decay modes.
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1 Introduction

After the discovery of the Higgs boson [1][2], the Standard Model has been completed. Every predicted

particle has been observed, and the theory is, in the physicists’ jargon, self-consistent. However, in a more

sceptical point of view, we have also stumbled across many discrepancies from its original formulation.

In fact, the very Higgs mechanism was developed to fix one of these discrepancies, namely, the mass

of the gauge bosons. Another unpredicted phenomenon is the oscillation of neutrino flavours, which

requires that neutrinos have tiny, yet finite, masses [3][4]. The mere existence of neutrino masses, and

their peculiar magnitudes, is a sign that, perhaps, there is more to discover beyond the Standard Model.

Introduced by Wolfgang Pauli in his “Dear radioactive Ladies and Gentlemen” letter [5] in 1930, the

neutrino (ν) was postulated to be a massless, spin- 12 , neutral fermion. Its inclusion to the Standard

Model was meant to explain the continuous energy spectra observed in beta decay via a direct coupling

to the positron (e+) through the weak charged current. Although exceptionally simple in its original

formulation, the neutrino has proven itself to be full of surprises. We are still far from truly knowing

all of its properties. For this, and many more reasons, neutrino physics is currently at the forefront for

searching for new physics.

The so-called double beta (ββ) decay, akin to how single beta decay unveiled the neutrino, is arguably

the most promising process to reveal the remaining mysteries behind the neutrino, as will be shown in

this study. The standard double beta (2νββ) decay consists of two neutrons simultaneously decaying

into two protons, two electrons and two electron antineutrinos. Conserving lepton number, 2νββ decay

is an allowed process in the Standard Model and has already been detected by numerous experiments

[6][7]. The simplest neutrinoless double beta (0νββ) decay, on the contrary, is a lepton number violating

process. It consists of a ββ decay in which the neutrino emitted by one nucleon is absorbed by the

other nucleon. The exchanged neutrino is a virtual particle and must be its own antiparticle. This is a

forbidden process in the Standard Model. However, if neutrinos are indeed Majorana particles, they are

their own antiparticles and such process is allowed, opening the doors to a beyond the Standard Model

physics.

Following this introduction, in Section 2 we present a brief overview of neutrino physics, encompassing

the latest experimental and theoretical knowledge. Then, in Section 3, we discuss the importance of double

beta decay, both standard and neutrinoless, as a probe to the very nature of neutrino masses. However,

as the title of this work suggests, we are not limiting ourselves to Standard Model particles. We use this

freedom to introduce, in Section 3.2, a hypothetical Majoron particle, which could allow prominent double

beta decay modes, as well as being a decent candidate for dark matter. Later, in Section 3.3 we summarise

the basic required principles of nuclear physics to deal with double beta decay. Finally, using particle

physics techniques described in Section 3.4, we calculate the theoretical amplitudes for the specified

double beta decay processes in Sections 4 and 5. These amplitudes tell us what an experimentalist

should expect to measure and highlight what traits are more advantageous in each process. Our ultimate

goal is to bring to the spotlight processes beyond the Standard Model, both well known in the literature

and newly proposed, which could be waiting for us right behind the background spectrum.
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2 Neutrinos

In this section, we first introduce the neutrino as it is currently formulated in the Standard Model. Then,

we address the open dilemma regarding the nature of neutrino masses.

2.1 Neutrinos in the Standard Model

Today, we know from the Cowan–Reines neutrino experiment in 1956 [8][9], and the Lederman, Schwartz

and Steinberger experiment in 1962 [10], that the neutrino is real and a member of three families of

particles together with a charged lepton counterpart. It couples to its counterpart via the weak charged

current, which is mediated by the W -boson. Said boson is a doublet of charge ±1 member of the SU(2)L

group, where the subscript L denotes that only left-handed currents are present, as discovered by Wu in

1957 [11]. Such parity violation implies that a massless neutrino has only left-handed components in the

Standard Model. A neutral current interaction between neutrino and antineutrino is also possible via

the Z-boson, a neutral singlet of the same group. These properties alone would make the neutrino quite

simple and dull. Reality is much more complicated and, we dare say, deeply interesting. The surprise,

and reason behind this study, came when neutrinos were observed to oscillate.

First proposed by Bruno Pontecorvo in 1957 [12], neutrino oscillation is a quantum mechanical phe-

nomenon where a neutrino created with a specific lepton flavour can later change to another flavour. It

is of extreme interest in both theoretical and experimental physicists as it implies that neutrinos must

have non-zero and distinct masses. However, it was not until the experimental discovery of neutrino

oscillations in 2002 [4] by the Sudbury Neutrino Observatory (SNO) [13] and later in 2015 [3] by the

Super-Kamiokande Observatory [14] that Pontecorvo’s prediction was confirmed.

The mechanism for neutrino oscillation emerges from a mixing between flavour and mass eigenstates.

That is, the weak eigenstates, which are the ones that couple to the charged leptons, are each a different

superposition of mass eigenstates. This mixing of eigenstates leads us to the Pontecorvo-Maki–Naka-

gawa–Sakata (PMNS) mixing matrix [15]:


νe

νµ

ντ


=


Ue1 Ue2 Ue3

Uµ1 Uµ2 Uµ3

Uτ1 Uτ2 Uτ3




ν1

ν2

ν3


(2.1)

Where the matrix elements Uij result from the neutrino mixing angles θij and an imaginary phase δ. This

mixing allows neutrinos to change flavour over time, once that each superposed mass eigenstate evolve

in time as a plane wave

νk(t) = νk(0)e
−iEkt, k = 1, 2, 3 (2.2)

If neutrinos were massless, the phases would be all the same as they would all be propagating at the speed

of light. We cannot measure the individual neutrino masses directly, but from the latest experimental
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results [16] we have the mass splits and mixing angles

∆m2
21 = 2.5× 10−3eV2, |∆m2

31| = 7.5× 10−5eV2

θ12 = 34.3◦, θ23 = 48.8◦, θ13 = 8.6◦, δ =

216◦, ∆m2
31 > 0

277◦, ∆m2
31 < 0

(2.3)

Moreover, to account for the addition of the PMNS matrix to the Standard Model, we must adapt the

Feynman rules when calculating charged currents involving neutrinos. The convention is to add these

extra terms to the vertex factor, leaving spinors and propagators unchanged. This results in the relevant

Feynman rules

− i
/q +mk

q2 −mk

νk (2.4)

−igW
2
√
2
U∗
αβγ

µ
(
1− γ5

)
W+

νβ

`+α

−igW
2
√
2
Uαβγ

µ
(
1− γ5

)
W−

ν̄β

`−α

(2.5)

which we will be using in Sections 4 and 5.

The nature of neutrino masses is still an open question and also the most palpable link between the

Standard Model and a theory beyond. Furthermore, lepton flavour number violating processes suggest us

that perhaps lepton number itself might not be a fundamental quantity at all, being rather a theoretical

workaround to justify the large suppression of such processes. This and other questions arising from

neutrino masses are addressed in Section 2.2.

2.2 Dirac versus Majorana Nature of the Neutrinos

The formerly believed properties of massless neutrinos led many authors, as Krane [17] and Pontecorvo

[18], to argue that neutrinos and antineutrinos must be distinct particles differentiated only by their

helicity. Today this interpretation does not hold any more. Neutrinos (antineutrinos) have both left and

right-handed components due to their masses, thus, they cannot be differentiated by this property. This

opens the highly enticing possibility that neutrinos are their own antiparticles. The concept of a particle

being its own antiparticle dates back to 1937 [19], when Ettore Majorana suggested that neutral spin- 12
particles could be described by a real wave equation and would, consequently, be their own antiparticle.

Thus, we call a particle that is its own antiparticle a Majorana particle. Now, we shall see the significance

it would have in lepton number and neutrino masses.

Charged particles are evidently not their own antiparticles. These particles are known as Dirac

particles and have 2n degrees of freedom, being n the number of spin projections and the 2 factor to

account for both particles ψ and antiparticles ψ̄. By contrast, Majorana particles have only n degrees of

freedom, with

ψ = ψc = Ĉψ (2.6)
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Where ψc is the charge (C) conjugate field to ψ. As usual, the chiral projections are ψL,R = PL,Rψ.

In the Quantum Field Theory point of view, these two types of particles generate two distinct mech-

anisms for generating mass: the Dirac mechanism and the Majorana mechanism. In the former case, the

Lagrangian mass term would have the form

LD = −mD(ψ̄RψL + ψ̄LψR) (2.7)

with the Dirac mass, mD, being of the same order of the mass of other fermions. In the later case, the

Lagrangian mass term would have the form

LM = −1

2
M(ψ̄c

RψR + ψ̄Rψ
c
R) (2.8)

with M being the Majorana mass. This Lagrangian has a direct coupling between a particle and antipar-

ticle, allowing the process ψ → ψ̄c and violating lepton number. For the charged fermions it would not

be possible, but for the neutrino there is no theoretical or experimental reason, so far, to impose lepton

number conservation, apart for the lack of detection of any lepton number violating process. Moreover,

this Majorana mass term also gives an compelling hypothesis for the smallness of neutrino masses. We

can take both the Dirac Eq. (2.7) and Majorana Eq. (2.8) mass terms and write a general Lagrangian of

the form

LDM = −1

2
(ψ̄L, ψ̄

c
R)

 0 mD

mD M


ψ

c
L

ψR

 (2.9)

Diagonalizing this matrix to find the physical masses and states of the neutrinos, and taking the Majorana

mass M to be much greater than the Dirac Mass mD, we obtain the physical masses

m± ≈ M

2
± 1

2

(
M +

2m2
D

M

)
(2.10)

However, we must include the hermitian conjugate half of Eq. 2.9 to obtain the physical neutrino fields.

Doing so yields a light physical eigenstate (ν) and a heavy physical eigenstate (N)

ν ≈(ψL + ψc
L)−

mD

M
(ψR − ψc

R) , mν ≈ m2
D

M

N ≈(ψR + ψc
R) +

mD

M
(ψL + ψc

L)) , mN ≈M

(2.11)

The resulting states are a superposition of left and right-handed states, ν being the mostly left-handed

observed neutrinos and N the sterile, mostly right-handed neutrinos.

This is the so-called type-I seesaw model. It provides a compelling, but yet speculative, explanation

for the generation of neutrino masses. The best way to probe the nature of neutrinos experimentally

is to look for processes that are only possible to occur in one scenario, the most studied being the so-

called neutrinoless double beta decay, which will be discussed in Section 3, including a brief review of the

essential nuclear physics concepts which rule such processes.
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3 Double Beta Decay

Being the most prominent process to probe the true nature of the neutrinos, we dedicate this section to

double beta (ββ) decay. We begin by reviewing the standard neutrinoless double beta (0νββ) decay as

it is the most renowned process which would be allowed only for Majorana neutrinos. We then venture

through exotic variations of ββ decay involving a hypothetical Majoron particle, which yields fascinating

analogous processes to both 0νββ and the standard double beta (2νββ) decay. As a necessary digression,

we present the fundamental principles of nuclear physics that govern ββ decay and, finally, close this

section with the steps and assumptions needed to obtain the theoretical amplitudes for ββ processes.

3.1 Neutrinoless Double Beta Decay

The process known as 0νββ decay, depicted in the Feynman diagram in Figure 1 (left), could be the best

way of probing whether neutrinos are Majorana or Dirac particles. This reaction is a nuclear decay in

which 2 neutrons decay into 2 electrons and 2 protons, without changing the mass number (A) of the

nucleus, or in short (A,Z) → (A,Z + 2) + 2e−. This process is, however, forbidden in the Standard

Model, as it requires that a left-handed particle emitted in one W− vertex is absorbed as a right-handed

antiparticle in the other W− vertex. However, if neutrinos are actually Majorana particles, this is not a

problem anymore as their mass allows them to flip helicity.

0νββ decay has a remarkable experimental sensitivity as processes which could compete with it can

be avoided. As we will soon discuss, some nuclei are stable against single beta decay, so this mode can be

eliminated. As for 2νββ decay, it can be avoided via the energy spectrum of the emitted electrons. 0νββ

decay would produce a mono-energetic electron pair with energy Ee = [M(A,Z) −M(A,Z + 2)], being

M(A,Z) and M(A,Z − 2) the masses of the parent and daughter nucleus respectively. Conversely, 2νββ

decay produces a continuous spectrum alike that of a single beta decay, as shown in Figure 1 (right).

Furthermore, the half life for 0νββ decay is given in the form of [20]

[
T 0ν
1/2

]−1

=
|mββ |2

m2
e

G0ν |M|2 (3.1)

where M is a nontrivial nuclear matrix element, G0ν the phase space factor, and mββ the effective

u

d

d

u

d

u

e−

d

d

u

u

d

u

e−

W−

W−

νe

PN

PN 0.0 0.2 0.4 0.6 0.8 1.0

0.0

0.5

1.0

1.5

2.0

2.5

3.0

Ke/Q

dΓ
/d
ϵ
[1
0-
61
]

Figure 1: Left: 0νββ Feynman Diagram with Majorana neutrino exchange. Right: Standard 2νββ total
electron energy spectrum.
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mass for 0νββ decay. Assuming only left-handed currents and neutrino masses small compared to the

momentum transfer in 0νββ decay (≈ 100 MeV) [21], mββ can be written as

mββ =

3∑
k=1

|Uek|2mk (3.2)

which depends only on the PMNS matrix elements in Eq. 2.1 and the neutrino masses. Since Uek are

elements of a unitary matrix, mββ is limited to the heaviest neutrino mass. Hence, the observation of

0νββ decay wound impose a lower bound on neutrino masses.

A number of experiments aimed at observing 0νββ decay have already been conducted, the first one

dating back to 1948 [22], and, although no evidence for a signal has been found so far, they provided

constraints to 0νββ decay half-life (T 0ν
1/2). In table 1, we briefly list the current best limits for the main

studied isotopes.

Isotope 130Te 76Ge 138Xe 100Mo 82Se

Experiment CUORE GERDA KamLAND-Zen 400 NEMO-3 NEMO-3

T 0ν
1/2 [1024 y] >2.7 > 90 > 110 > 1.1 > 0.25

Q-value [MeV] 2.528 2.039 4.268 3.034 2.998

Reference 2019 [23] 2019 [24] 2019 [25] 2015 [26] 2018 [27]

Table 1: Best measured limits on T 0ν
1/2 from 0νββ search experiments for the most common Isotopes.

We have, so far, discussed only the importance of the standard 0νββ decay but, as the title of this

work suggests, we are interested in exotic processes, hence, we are not limited to the particles in the

standard model. Among numerous theorised exotic particles, we have selected the notorious Majoron to

study, which we shall now present in Section 3.2.

3.2 Majoron Induced Double Beta Decay

After various generalisations from the original concept, the term Majoron became an umbrella and might

spark a lot of confusion on its definition. In this section we present what a Majoron is in the context of

this work and why it is the emphasis of this study.

u

d

d

u

d

u

e−

d

d

u

u

d

u

e−

φ

W−

ν̄e

ν̄e

W−

PN

PN

Figure 2: Neutrinoless Double Beta Decay with Majoron emission Feynman diagram .
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A extensively analysed set of theories involve the emission of one or more scalar particles in ββ decay.

The first such proposed particle was a Goldstone boson φ associated with the spontaneous breaking

of lepton number symmetry, coupling to neutrinos ν as gφννφ. This particle was eventually named

Majoron. Although the name Majoron originates from Majorana, Majorons are simply exotic charge-

neutral scalar particles. Originally they were considered to be massless, but massive Majoron are also

currently considered, providing an riveting candidate for Dark Matter [28]. The diagram depicted in

Figure 2 shows the simplest Majoron-induced neutrinoless double beta (0νββφ) decay, which will be

explicitly calculated in Section 4.2. From the diagram it is immediately noticeable that this process

violates lepton number conservation. However, such process would be possible even for the deprecated

Standard Model massless neutrino as the coupling between them and φ has no helicity mismatch.

Coupling only to neutrinos, φ would not be directly detectable, appearing only as a missing energy

in the energy spectrum of the decay. The same way as the non-observation of 0νββ decays give us

constraints to work with, the non-observation of 0νββφ decays translates to constraints on the effective

ν − φ coupling constant gφ. The strongest experimental limit obtained at 90%C.L. assuming φ massless

is, so far, |gφ| ≤ (0.8− 1.7)× 10−5 from EXO-200 [28].

Still, we have just presented the simplest Majoron-induced 0νββ decay model. In this work, we

construct two classes of models for Majoron induced ββ decay, the first violating lepton number (0νββφ)

and the second conserving it (2νφββ), each of which leads to distinct energy spectra. These spectra

are key to understanding the feasibility of experimental searches to such processes. Before going to the

specifics of each model, we shall first discuss what is common to them all, and that is the hadronic part of

ββ decay. To begin with, we must understand what criteria make such processes possible from a nuclear

physics standpoint. We dedicate Section 3.3 to introduce the basic concepts which rule ββ decay.

3.3 Principles of Nuclear Physics

In this section, we will cover the fundamental principles from nuclear physics needed to deal with ββ

decay. To do so, we present key concepts and how they govern ββ decay without any particular order:

• Q value: Is defined as the initial mass energy minus the final mass energy, or equivalently, the

excess kinetic energy of the final state

Q = (mi −mf ) = (Tf − Ti) (3.3)

• The binding energy B of a nucleus is the difference in mass between the nucleus A
ZXN and its

constituent Z protons and N neutrons:

B = ZmP +Nmn − [m(AZXN − Zme)] (3.4)

where m(AX) is the mass of the whole atom, including the electrons.

9



18 19 20 21 22 23 24 25 26 27
Z

44660

44670

44680

44690

44700

44710

44720
MeV

A = 48

Figure 3: Mass parabola for A=48. Zmin = 22 (4822Ti). Odd Z nuclei are represented by the dashed
parabola. Even Z nuclei are represented by the solid parabola.

Expressing the binding energy as a function of A and Z is a rather complicated process. In [17], the

formula

B(Z,A) =

[
15.5A− 16.8A

2
3 − 0.72Z(Z − 1)A− 1

3 − 23
(A− 2Z)2

A
+ δ

]
MeV (3.5)

δ =


+34A− 3

4 , Z and N even

−34A− 3
4 , Z and N odd

0, A odd

(3.6)

is derived and substituted into Eq. 3.6 to give the semi-empirical mass formula

M(Z,A) = Z(1H) +Nmn −B(Z,A) (3.7)

The term δ is called the pairing term, which comprises the effect of spin-coupling. For a constant A, Eq.

3.7 represents a parabola in Z, the so-called mass parabola. Its minimum is found to be at

Zmin ≈ A

2

1(
1 + 0.72

92 A
1
3

) (3.8)

So that unstable nuclei approach stability (the minimum of the parabola) by converting Z into N or vice

versa. For even A, M(Z,A) results in two parabolas displaced by 2δ. This causes two effects: Some odd Z

odd N nuclei can decay by converting Z to N and vice-versa, and certain ββ decays become energetically

allowed, changing 2 protons into 2 neutrons directly. Now let us focus our attention back to the beta

decay. Being a quantum mechanic process, the parent nucleus must satisfy a number of selection rules.

These rules allow us to classify beta decays in 2 groups: Allowed decays and forbidden decays.

In the allowed approximation, we replace the electron and neutrino wave-functions by their values

at origin. In this case they cannot have any orbital angular momentum and any change in the angular

momentum of the nucleus must be due to their spins. Also, as parity P is associated with angular

momentum by (−1)l, it cannot change. We shall use the notation IP , where I is the total angular

10



momentum and P the parity of the nucleus. Allowed decays must then satisfy the rules

∆S = 0, 1; ∆P = 0 (3.9)

an example is 6
2He → 6

3Li, a 0+ → 1+ decay.

Forbidden decays are less probable to happen but are not strictly forbidden. An easy way to define

a forbidden decay is to see when the selection rules for allowed decays in Eq. 3.9 are violated. Doing so,

the first selection rules obtained are

∆I = 0, 1, 2; ∆P = ±1 (3.10)

An example is 76
35Br → 76

34Se, a 1− → 0+ decay. Transitions with ∆I ≥ 2 but no change in parity are not

possible for first-forbidden decays. In this case, we would have to escalate to second-forbidden decays.

These selection rules make to selecting candidate nuclei for experiments searching for ββ decay a lot

easier. For instance, take 48
20Ca → 48

21Sc + e− + ν̄e decay, with its mass parabola shown in Figure 3. 48
20Ca

is a 0+ state with Q = 0.28 MeV, nonetheless, it would require at least a fourth-forbidden decay, as

the only accessible states of 48
21Sc for 48

20Ca are 4+, 5+ and 6+ states. Nonetheless, the process 48
20Ca →

48
22Ti + 2e− + 2ν̄e is an allowed (0+ → 0+) ββ decay with Q = 4.27 MeV. Hence, it does not require

transitioning through the intermediate state 48
21Sc. As a matter of fact, the CANDLES experiment at

Kamioka Observatory [14] was planned to study ββ decay of 48
20Ca.

Another way of having ββ decays while avoiding single beta decays is when the latter is energetically

forbidden. As an example, take 130
52Te → 130

53I + e− + ν̄e decay. It has a negative Q-value of -0.419 MeV,

therefore it is energetically forbidden. However, the ββ decay 128
52Te → 128

53I + 2e− + 2ν̄e has a Q-value

of 2.530 MeV, which makes 130
52Te ideal to study ββ decay processes. It is in fact the isotope selected for

study at SNO+ [13].

Observing ββ decays is, unfortunately, exceptionally hard since these have immensely long half-lives

of the order of 1024 years. Still, pursuing these decays is of paramount importance for neutrino physics.

3.4 Calculating Double Beta Decay Amplitudes

From a theorist standpoint, experimental searches mean nothing if there are no theoretical results to

serve as baseline. These are translated by cross-sections, decay rates and energy distributions. Obtaining

these theoretical results is precisely the goal of this work and consists, as usual, of following a recipe. The

whole procedure is extremely complex, depending on many assumptions and approximations due to the

structure of the decaying nucleus. We will eventually discuss some of these assumptions when pertinent,

but, in general, we will be following the recipe described in [21].

It is convenient to start by decomposing the decay rate, as done in [29] and [30]:

Γ = |〈G〉|2 |M|2G(pj) (3.11)

where G is a coupling constant, M the nuclear matrix element, and G(φ) the kinematic phase space

factor. pj represents the momenta of the final state particles. This decomposition looks familiar to that
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in Eq. 3.1 and this is no accident as the former is a special case of the latter. The nuclear matrix element

is nothing but the scattering matrix element of the process taking into account the quarks’ confinement

within the nucleons and all the nuclear physics principles we would be leaving behind if following just the

standard text book Feynman rules. To derive this matrix element we must depart from the interaction

Lagrangian:

Lint = LCC + Lφ (3.12)

In this expression, LCC represents the weak charged-current that couples hadrons to leptons.

LCC =
GF√
2
JHµJ

µ†
L + h.c., JHµ = ūγµ(1− γ5)d, Jµ†

L = ēγµ(1− γ5)ν (3.13)

The hadronic current JHµ does not change for the exotic processes we will be considering. Conversely,

the leptonic current Jµ†
L will change and, for Majoron induced processes, we will also have an exotic

current interaction Lagrangian Lφ, which we define as

Lφ = −1

2
ν̄
(
α+ βγ5

)
νφ∗ + h.c. (3.14)

to account for both left and right-handed currents. The scattering matrix is now obtained from calculating

the time ordered product T from initial i to final f states [31]

Sfi =

∫
dx dy dz 〈f | T [LCC(x)LCC(y)Lφ(z)] |i〉 (3.15)

Since we have a double decay, we have 2 charged-currents depending on 2 different positions. Although

Eq. 3.13 might give the wrong impression that this scattering matrix is easily obtainable from the text

book approach, the particles interacting are not really free fields. The emitted electrons are affected by

the Coulomb potential of the nuclei, while the quarks are confined in hadrons. Therefore, to proceed

with this calculation, a deep understanding on the quantum level structure of the initial and final states

is needed.

From now on, some approximations must be made. With regard to the hadronic current, the first is

the so-called impulse approximation: The assumption that the nucleon transition is induced by the lowest

order quark transition and the nucleons are free. Through this assumption we can convert the quark

currents to nucleon currents. The second is the closure approximation: it builds up on an observation

that the momentum transfer must be of the order of the average inverse spacing between nucleons

(∼ 100 MeV). This approximation is extremely powerful as it allows us to eliminate the need of summing

over every intermediate state. To better understand this, we must recall that a ββ decay is composed

of two consecutive decays. In principle, we would have to consider every possible intermediate state but,

within the closure approximation [21], we can simply write

∑
a

f(Ea) 〈f | Ô2 |Na〉 〈Na| Ô1 |i〉 → f(〈Ea〉) 〈f | Ô2Ô1 |i〉 (3.16)

where we have used the closure relation
∑

a |Na〉 〈Na| = 1 from quantum mechanics after assuming that
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the energy eigenvalues Ea can be considered approximately equal to their average 〈Ea〉.

These approximations elucidated, we will move forward to the leptonic part of the process. The

detailed derivation of the nuclear matrix element is not discussed any further and can be found in [21].

The leptonic part for our chosen exotic contributions to double beta decay will be calculated in detail in

Sections 4 and 5. However, the standard Feynman rules assume Dirac fermions. To calculate processes

involving Majorana fermions, we will be using the following adapted Feynman rules, as derived in [32]:[
i
C−1(/p+M)

p2 −M

]
αβ

β α
[
−i

(/p+M)C

p2 −M

]
αβ

αβ
(3.17)

− igM
[
C−1ΓM

]
αβ

λα

ψβ

i(gM )∗
[
(ΓMC)

T
]
αβ

λα

ψβ

(3.18)

where ΓM is a combination of gamma matrices composing the vertex factor, gM is the coupling constant,

λ the Majorana fermion and ψ the Dirac fermion. The charge operator Ĉ is defined in such a way that

it satisfies the following properties:

ĈūT = v, Ĉv̄T = u, Ĉ2 = 1, Ĉ−1 = Ĉ†, ĈT = −Ĉ, Ĉγµ = −(γµ)T Ĉ, Ĉγ5 = (γ5)T Ĉ (3.19)

We will see further ahead how these rules will be used not only in neutrinoless processes, in Section 4,

but also in exotic neutrino emitting processes in Section 5. Moreover, to obtain realistic results, there are

corrections and approximations we will consider due to the Coulomb potential of the involved particles.

This attraction is stronger for heavier nuclei, causing the wave functions of electrons and nucleons to

overlap. To account for this effect, we start by expanding the relativistic electron wave function in a

uniform charged field in terms of spherical waves

ψ(ε, r) = ψ(S)(ε, r) + ψ(P )(ε, r) + ψ(D)(ε, r) + . . . (3.20)

with S and P representing the S- and P -waves respectively. Then, we expand the wave function in r

and keep only the leading order term, that is, we neglect the finite de Broglie wave length correction.

This approximation is permitted by the assumption that the electron wave-length is bigger than the

nuclear radius, which is realistic for the small Q-values encountered in ββ decay. Also, this implies that

the higher order terms in r would not yield a relevant correction to be considered, since the electron is

most affected by the Coulomb potential while it is travelling inside the nucleus. By doing so, the radial

components f̃j1 and g̃j2 that compose the overall wave function are given by [21]

Sj= 1
2
:

g̃−1

f̃1

 = Ã∓1 (3.21)
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Pj= 1
2
:

 g̃1

f̃−1

 = ±Ã±1[αZ/2 + (ε±me)R/3](r/R), Pj= 3
2
:

g̃−2

f̃2

 = Ã∓2(|~p|r/3) (3.22)

where α is the fine structure constant, Z is the atomic number of the daughter nucleus and R is the

nuclear radius, and ~p the momentum of the electron. The reason why we have both f̃j1 and g̃j2 is because

each is the radial part of a 2-component spinor, being the overall wave function a 4-component spinor.

The normalisation constants Ã±k are explicitly calculated in [21] and can be approximated up to the

order of (αZ)2 by

Ã±k ≈
√
(ε∓me)/ε

√
Fk−1(Z, ε) (3.23)

with Fk−1(Z, ε) being the so-called Fermi factor

Fk−1(Z, ε) =

[
Γ(2k + 1)

Γ(k)Γ(2γk + 1)

]2
(2|~p|R)2(γk−k)|Γ(γk + iy)|2eπy, γk =

√
k2 − (αZ)2, y =

αZε

|~p|
(3.24)

An additional Coulomb repulsive interaction between the two emitted electrons exists, but this effect is

of the order of the fine structure constant α. Furthermore, the electron emitted first is influenced by

the Coulomb field of the intermediate nucleus before it decays again. This correction is less than a few

percent and, thus, both of these effects are too small and will not be considered.

The final step needed is to calculate the phase space, as it will be significantly different for each

process considered. This is, perhaps, the most complicated step. The phase space can rarely be fully

calculated without a certain amount of approximations. As we shall see in Sections 4 and 5, the matrix

element squared is nothing more than an intricate combination of scalar products of the 4-momenta of

initial and final states. To separate final from initial states in the scalar products, we implicitly use the

so-called Fierz transformation [32]

ψχ̄ =
1

4

(
cS14 + cP γ

5 + cµV γµ + cµAγµγ5 + cµνT σµν
)
, σµν = [γµ, γν ]

cS = χ̄ψ, cP = χ̄γ5ψ, cµV = χ̄γµψ, cµA = −χ̄γµγ5ψ, cµνT = −χ̄σµνψ

(3.25)

It allows us to decompose bilinears of the product of two spinors as a linear combination of products of

the bilinears of the individual spinors by using the completeness and orthogonality of the basis matrices.

Also, since we will be integrating the phase space over the final states only, the main approximation we

will be using is that the matrix element squared is constant in the 4-momenta of the initial states. Other

approximations will be made when needed for each process. We now have all the preliminary information

we need about ββ decay to start with the calculations.

4 Neutrinoless Amplitudes

In this section, we study two of the simplest and most notorious lepton number violating ββ decay modes.

We begin by calculating the leptonic current for the standard neutrinoless double beta decay, but with a

twist. Instead of solely calculating the current as done by numerous authors, we will pretend, as in a toy

model, that a W-boson collider is experimentally feasible and compare how the lepton number violating
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process W−W− → e−e− differs from the lepton number conserving analogous process W+W− → e+e−.

Although not realistic, this calculation will expose some key features of the lepton number violating

process that would be hard to view with the uncontracted current only.

We then calculate the leptonic current for the majoron emitting neutrinoless double beta decay in-

troduced in Section 3.1. This calculation will be done more formally as it will pave the way for one of

the more complex processes we will discuss in Section 5. Nonetheless, this is also a process that has been

extensively discussed by other authors. We will add our personal touch by considering a more general

exotic interaction and compare some interesting special cases.

These leptonic currents obtained, we then proceed to calculating the phase space of such processes.

The resulting phase spaces are then used to show the energy distribution of the emitted electrons and

how they differ from that of a standard 2νββ.

4.1 0νββ Leptonic Current

For W−W− → e−e−, as opposed to the lepton number conserving process W+W− → e+e−, we must also

consider the different permutations of the two identical emitted electrons, namely, the t and u-channels.

Due to Pauli’s exclusion principle, upon exchanging two fermions, the matrix element gains a relative

minus sign, thus, we subtract the u-channel diagram from the t-channel diagram to obtain the total

matrix element. We start our calculations by the t-channel diagram shown in Figure 4 (left). Using the

standard Feynman rules in communion with the Majorana Feynman presented in Section 3.1, the matrix

element is given by

M1 =
−g2W (U∗

ei)
2εµ(p1)εν(p2)

8(q2 −m2
νi
)

[ūe(p3)]d
[
γµ(14 − γ5)

]
dc

[
(γρqρ +mνi

)Ĉ
]
cb

[
γν(14 − γ5)

]
ab

[ūe(p4)]a

=
−g2W (U∗

ei)
2εµ(p1)εν(p2)

8(q2 −m2
νi
)

ūe(p3)γ
µ(14 − γ5)(/q +mνi)Ĉ(14 − γ5)T (γν)T ūTe (p4) (4.1)

Using the commutation relations of the charge conjugation operator Ĉ as given in Eq. (3.19) and, subse-

quently, those of γ5, we obtain

M1 =
g2W (U∗

ei)
2εµ(p1)εν(p2)

8(q2 −m2
νi
)

ūe(p3)γ
µ(14 − γ5)(/q +mνi)(14 − γ5)γνve(p4)

=
mνi

g2W (U∗
ei)

2εµ(p1)εν(p2)

4(q2 −m2
νi
)

ūe(p3)γ
µ(14 − γ5)γνve(p4)

(4.2)

W− e−

W−

νi

e−

U∗
ei

U∗
ei

p1

p2

p3

p4

q

W− e−

W−

νi

e−

U∗
ei

U∗
ei

p1

p2

p4

p3

q′

Figure 4: W−W− → e−e− Feynman diagrams. Left: t-channel with q = p1 − p3 = p4 − p2. Right: u-
channel with q′ = p1 − p4 = p3 − p2.
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Applying Casimir’s trick [33] and defining the matrices Γ1 and Γ̄2

Γ1 = γµ(14 − γ5)γν = γµγν(14 + γ5)

Γ̄2 = γ0
[
γρ(14 − γ5)γσ

]†
γ0 = γ0(γσ)†(14 − γ5)†(γρ)†γ0 = (14 − γ5)γσγρ

(4.3)

we obtain the averaged matrix element squared

〈
|M1|2

〉
=

m2
νi
g4W |Uei|4

(26)(32)(q2 −m2
νi
)2

(
−gµρ +

p1µp1ρ
m2

W

)(
−gνσ +

p2νp2σ
m2

W

)
Tr
[
Γ1(/p4 −me)Γ̄2(/p3 +me)

]
(4.4)

Considering only the term Γ1(/p4 −me)Γ̄2, we have

γµγν(14 + γ5)(/p4 −me)(14 − γ5)γσγρ = 2(14 + γ5)γµγν/p4γ
σγρ

Thus, remembering that only terms with an even number of γµ contribute to the trace, we can write

〈
|M1|2

〉
=

m2
νi
g4W |Uei|4

(25)(32)(q2 −m2
νi
)2

(
−gµρ +

p1µp1ρ
m2

W

)(
−gνσ +

p2νp2σ
m2

W

)
Tr
[
(14 + γ5)γµγν/p4γ

σγρ/p3

]
(4.5)

Calculating the trace on Wolfram’s Mathematica [34] using the package Feyncalc [35], we obtain

Tr
[
(14 + γ5)γµγν/p4γ

σγρ/p3

]
=− 4pσ3p

ρ
4g

µν + 4pρ3p
σ
4g

µν − 4pν3p
µ
4g

ρσ + 4pµ3p
ν
4g

ρσ − 4pρ3p
µ
4g

νσ + 4pρ3p
ν
4g

µσ

− 4pµ3p
ρ
4g

νσ + 4pν3p
ρ
4g

µσ + 4pσ3p
µ
4g

νρ − 4pσ3p
ν
4g

µρ + 4pµ3p
σ
4g

νρ − 4pν3p
σ
4g

µρ

+ 4gµνgρσ (p3 · p4)− 4gµσgνρ (p3 · p4) + 4gµρgνσ (p3 · p4)

− 4igµνp3δp4χε
ρσδχ + 4igρσp3δp4χε

µνδχ

− 4ip3δp
µ
4 ε

νρσδ + 4ip3δp
ν
4ε

µρσδ + 4ip4χp
ρ
3ε

µνσχ − 4ip4χp
σ
3 ε

µνρχ (4.6)

Contracting the indices in this trace with the indices from the W-bosons on Mathematica gives

〈
|M1|2

〉
=

m2
νi
g4W |Uei|4

288(q2 −m2
νi
)2

4

m4
W

[
2
(
2m2

W − p21
)
(p3 · p2) (p4 · p2) +

(
2m2

W − p21
) (

2m2
W − p22

)
(p3 · p4)

+ (p3 · p1)
((
4m2

W − 2p22
)
(p4 · p1) + 4 (p4 · p2) (p1 · p2)

)] (4.7)

Rewriting it in terms of the masses and Mandelstam variables

s = (p1 + p2)
2 = p21 + p22 + 2(p1 · p2); t = (p1 − p3)

2 = p21 + p23 − 2(p1 · p3);

u = (p1 − p4)
2 = p21 + p24 − 2(p1 · p4)

(4.8)

we get rid of the scalar products, yielding

〈
|M1|2

〉
=

m2
νi
g4W |Uei|4

144(t−m2
νi
)2m4

W

×
[
m4

W

(
s− 2m2

e

)
+ 2m2

W

(
m2

e +m2
W − u

) (
m2

e +m2
W − t

)
+
(
m2

e +m2
W − t

)2 (
s− 2m2

W

)](4.9)

which is the final averaged matrix element squared for the t-channel.
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Now, for the u-channel we have the diagram depicted in Figure 4 (right). It is evident that its matrix

element will be perfectly symmetric to that of the t-channel. Instead of writing it from first principles,

we simply swap the indices in the W-boson polarisation vectors, which is equivalent to swapping the

4-momenta of the two electrons, and change the internal momentum q to q′. This gives us

M2 =
mνi

g2W (U∗
ei)

2εν(p1)εµ(p2)

4(q′2 −m2
νi
)

ūe(p3)γ
µ(14 − γ5)γνve(p4) (4.10)

hence, the total matrix element is

M = mνi
g2W (U∗

ei)
2εµ(p1)εν(p2)

[
ūe(p3)γ

µ(14 − γ5)γνve(p4)

4(q2 −m2
νi
)

− ūe(p3)γ
ν(14 − γ5)γµve(p4)

4(q′2 −m2
νi
)

]
(4.11)

As for the averaged matrix element squared, we have

〈
|M2|2

〉
=

m2
νi
g4W |Uei|4

144(u−m2
νi
)2m4

W

×
[
m4

W

(
s− 2m2

e

)
+ 2m2

W

(
m2

e +m2
W − u

) (
m2

e +m2
W − t

)
+
(
m2

e +m2
W − u

)2 (
s− 2m2

W

)](4.12)

Finally, we must also calculate the crossed term 2Re [M∗
1M2]. This is done, again, by using the

trace technique, but this time we must be more careful on how the spinors are positioned. Doing this

calculation explicitly gives

M∗
1M2 =

m2
νi
g4W |Uei|4

(26)(32)(t−m2
νi
)(u−m2

νi
)

(
−gµρ +

p1µp1ρ
m2

W

)(
−gνσ +

p2νp2σ
m2

W

)
×
[
ūe(p3)γ

µ(14 − γ5)γνve(p4)
]† [

ūe(p3)γ
σ(14 − γ5)γρve(p4)

]
=

m2
νi
g4W |Uei|4

(26)(32)(t−m2
νi
)(u−m2

νi
)

(
−gµρ +

p1µp1ρ
m2

W

)(
−gνσ +

p2νp2σ
m2

W

)
× Tr

[
ve(p4)v̄e(p4)γ

ν(14 − γ5)γµue(p3)ūe(p3)γ
σ(14 − γ5)γρ

]
(4.13)

Now, summing over spin projections, eliminating terms with an odd number of gamma matrices and

evaluating the trace like in the previous cases, we obtain

2Re [〈M∗
1M2〉] =

m2
νi
g4W |Uei|4

(24)(32)(t−m2
νi
)(u−m2

νi
)

(
−gµρ +

p1µp1ρ
m2

W

)(
−gνσ +

p2νp2σ
m2

W

)
× Re

[
Tr
[
(14 + γ5)γνγµ/p3γ

σγρ/p4

]]
=

m2
νi
g4W |Uei|4

(22)(32)(t−m2
νi
)(u−m2

νi
)m4

W

×
[
2 (p3 · p4) (p1 · p2)2 + 4m4

W (p3 · p4)− 4m2
W (p2 · p3) (p2 · p4)

+2 (p1 · p3)
(
(p1 · p4)

(
p22 − 2m2

W

)
− (p1 · p2) (p2 · p4)

)
−2 (p1 · p2) (p1 · p4) (p2 · p3) + 2p21 (p2 · p3) (p2 · p4)− p21p

2
2 (p3 · p4)

]

(4.14)
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Then, in terms of Mandelstam variables,

2Re [〈M∗
1M2〉] =

m2
νi
g4W |Uei|4

144(t−m2
νi
)(u−m2

νi
)m4

W

×
[
(s− 2m2

e)
(
(s− 2m2

W )2 + 6m4
W

)
− 4m2

W

(
m2

W +m2
e − u

) (
m2

W +m2
e − t

)
−
(
s− 2m2

W

) ((
m2

W +m2
e − t

)2
+
(
m2

W +m2
e − u

)2)]
(4.15)

Adding all three components and remembering the relative negative sign between t and u-channel,

we obtain the total averaged matrix element squared as

〈
|M|2

〉
=
〈
|M1|2

〉
+
〈
|M2|2

〉
− 2Re [〈M∗

1M2〉] (4.16)

where
〈
|M1|2

〉
is in Eq. (4.9),

〈
|M2|2

〉
in Eq. (4.12) and 2Re [〈M∗

1M∗
2〉] in Eq. (4.15). We can then

define the 4-momenta in the centre of mass reference frame:

p1 = (E0, ~p), p2 = (E0,−~p), p3 = (E0, ~q), p1 = (E0,−~q) (4.17)

with

|~p| =
√
E2

0 −m2
W , |~q| =

√
E2

0 −m2
e, ~p · ~q = |~p||~q| cos θ (4.18)

This results in the following Mandelstam variables in terms of only the collision energy E0 and the

electron scattering scattering angle θ:


s = 4E2

0

t = m2
W +m2

e − 2E2
0 + 2

√
E2

0 −m2
W

√
E2

0 −m2
e cos θ

u = m2
W +m2

e − 2E2
0 − 2

√
E2

0 −m2
W

√
E2

0 −m2
e cos θ

(4.19)

The differential cross-section for a 2 to 2 process in the centre of mass reference frame, using the above

defined 4-momenta, is given [36] by

dσ

dφd cos θ
=

1

64π2s

|~q|
|~p|
〈
|M|2

〉
=

1

256π2E2
0

√
E2

0 −m2
e√

E2
0 −m2

W

〈
|M|2

〉
(4.20)

Evaluating this expression on Mathematica and comparing to the analogous lepton number conserving

process W−W+ → e−e+, which we left to calculate in the Appendix A, we obtain the plot in Figure 5

(left). Finally, integrating the differential cross-sections, we obtain the total cross-section in terms of the

Neutrino mass depicted in Figure 5 (right). Both plots show a very distinct behaviour of the cross-section

between both processes. W−W− → e−e− is symmetric in the solid angle due to the presence of the u-

channel in addition to the t-channel, while W+W− → e+e− shows an asymmetry shifted towards smaller

angles. Also, W−W− → e−e− is minimum when θ = π
2 while W+W− → e+e− has its minima at θ = π

or θ = 0. Hence, both show an inverse dependency on cos θ. The dependency on the neutrino mass is

another interesting, but not surprising, distinction. W+W− → e+e− has no dependency on mν as this

term drops out of the trace due to the chirality projectors, leaving only a 1
m2

ν
term in the propagator.
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Figure 5: W−W− → e−e− (orange) and W−W+ → e−e+ (blue). Left: Differential cross-section dσ/dΩ
at E0 = 1 TeV. Right: Total cross-section σ at E0 = 1 TeV as a function of mνi .

W−W− → e−e−, on the other hand, has a non-vanishing dependency on mν in the trace, which causes

the peak in the total cross-section. Again, we reiterate that this is not a realistic process and, as far as

we know, will never be observable. Nonetheless, we extracted useful information from this exercise.

4.2 0νββφ Leptonic Current with Scalar φ Emission

In Section 4.1 we have calculated a full matrix element with all indices contracted. From now on, we

will not be considering the terms which connect to the leptonic current, namely, the W-bosons and the

hadronic current. As mentioned in Section 3, the leptonic current is the only part that actually changes

among our different ββ processes, thus, we will be calculating only this part of the total matrix element.

Since the leptonic current is not contracted with the hadronic current, we will have an object depending

on two indices (or four indices for the averaged current squared).

We shall now calculate the simplest Majoron-emitting ββ decay mode. To be as general as possible,

we consider the vertex between the Majoron and the neutrinos to have the generic form

gφ
(
α+ βγ5

)
(4.21)

which contains both left and right-handed components. We start, again, with the t-channel diagram

depicted in Figure 6 left, but this time the W -bosons are not included. Also, with five 4-momenta, the
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φ
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U∗
ei

U∗
ei

p1

p2

p3
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q2 ν̄i

q1 ν̄i p5

e−

φ
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U∗
ei
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p2
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p3
q′2 ν̄i

q′1 ν̄i p5

Figure 6: 0νββφ Feynman diagram. Left: t-channel with q1 = p1 − p3, q2 = p2 − p4. Right: u-channel
with q′1 = p1 − p4, q′2 = p2 − p3.
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Mandelstam variables are not applicable anymore. Following the Feynman rules, we obtain the current

Jµν
1 =

g∗φg
2
W (U∗

ei)
2

8(q21 −m2
νi
)(q22 −m2

νi
)

× [ūe(p3)]f
[
γµ(14 − γ5)

]
fe

[
(/q1 +mνi

)
]
ed

[(
α+ βγ5

)
Ĉ
]
cd

[
(/q2 +mνi

)
]
bc

[
γν(14 − γ5)

]
ab

[ūe(p4)]a

=
−g∗φg2W (U∗

ei)
2

8(q21 −m2
νi
)(q22 −m2

νi
)

[
ūe(p3)γ

µ (14 − γ5)(/q1 +mνi)
(
α+ βγ5

)
(/q2 −mνi)(14 − γ5)︸ ︷︷ ︸ γνve(p4)

]
(4.22)

Expanding the underbraced block between γµ and γν , we obtain four terms

(14 − γ5)(/q1 +mνi
)
(
α+ βγ5

)
(/q2 −mνi

)(14 − γ5)

=
[
/q1(14 + γ5) +mνi

(14 − γ5)
] (
α+ βγ5

) [
(14 + γ5)/q2 − (14 − γ5)mνi

]
=/q1(14 + γ5)

(
α+ βγ5

)
(14 + γ5)/q2 +mνi

(14 − γ5)
(
α+ βγ5

)
(14 + γ5)/q2

− /q1(14 + γ5)
(
α+ βγ5

)
(14 − γ5)mνi −mνi(14 − γ5)

(
α+ βγ5

)
(14 − γ5)mνi

For each of these terms we have the following results:

/q1(14 + γ5)
(
α+ βγ5

)
(14 + γ5)/q2 = /q1

(
α+ αγ5 + βγ5 + β(γ5)2

)
(14 + γ5)/q2

= /q1
(
α+ β + (α+ β)γ5 + (α+ β)γ5 + (α+ β)(γ5)2

)
/q2

= 2(α+ β)
(
14 − γ5

)
/q1/q2

(4.23)

mνi
(14 − γ5)

(
α+ βγ5

)
(14 + γ5)/q2 = mνi

(
α− αγ5 + βγ5 − β(γ5)2

)
(14 + γ5)/q2

= mνi

(
α− β + (α− β)γ5 − (α− β)γ5 − (α− β)(γ5)2

)
/q2

= 0

(4.24)

/q1(14 + γ5)
(
α+ βγ5

)
(14 − γ5)mνi

= /q1
(
α+ αγ5 + βγ5 + β(γ5)2

)
(14 − γ5)mνi

= /q1
(
α+ β + (α+ β)γ5 − (α+ β)γ5 − (α+ β)(γ5)2

)
mνi

= 0

(4.25)

mνi
(14 − γ5)

(
α+ βγ5

)
(14 − γ5)mνi

=
(
α− αγ5 + βγ5 − β(γ5)2

)
(14 − γ5)m2

νi

=
(
α− β − (α− β)γ5 − (α− β)γ5 + (α− β)(γ5)2

)
m2

νi

= 2(α− β)
(
14 − γ5

)
m2

νi

(4.26)

Which largely simplifies the calculation by cancelling the crossed terms between q1,2 and mνi
, hence

(14 − γ5)(/q1 +mνi
)
(
α+ βγ5

)
(/q2 −mνi

)(14 − γ5) = 2(14 − γ5)
[
(α+ β)/q1/q2 − (α− β)m2

νi

]
Inserting this result back into the current, we obtain

M1 =
−g∗φg2W (U∗

ei)
2

4(q21 −m2
νi
)(q22 −m2

νi
)
ūe(p3)γ

µ(14 − γ5)
[
(α+ β)/q1/q2 + (β − α)m2

νi

]
γνve(p4) (4.27)
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We can now proceed with the trace technique as before. Defining the matrices Γ1 and Γ̄2 by

Γ1 = (14 + γ5)γµ(α+ β)/q1/q2 + (β − α)m2
νi
)γν

Γ̄2 = γ0
[
(14 + γ5)γρ((α+ β)/q1/q2 + (β − α)m2

νi
)γσ
]†
γ0

= γ0(γσ)†
[
(α+ β)/q

†
2/q

†
1
+ (β − α)m2

νi

]
(γρ)†(14 + γ5)γ0

= γσ
[
(α+ β)/q2/q1 + (β − α)m2

νi

]
γρ(14 − γ5)

(4.28)

Evidently, from the cyclic property of the trace, Γ̄2(/p4 −me)Γ1 yields

(14 − γ5)(/p3 −me)(14 + γ5) = 2/p3(14 + γ5)

Also, by remembering that any term with an odd number of γµ vanishes, the second me term is eliminated,

thus, we obtain the averaged leptonic current squared

〈
|J1|2

〉
=

|gφ|2g4W |Uei|4|φ|2

25(q21 −m2
νi
)2(q22 −m2

νi
)2

× Tr
[
(14 + γ5)γµ

[
(α+ β)/q1/q2 + (β − α)m2

νi

]
γν/p4γ

σ
[
(α+ β)/q2/q1 + (β − α)m2

νi

]
γρ/p3

](4.29)

Here we have dropped the indices on the left-hand side to simplify the notation. Splitting the trace using

its linearity, we obtain 4 traces to calculate

〈
|Jµν

1 |2
〉
=

|gφ|2g4W |Uei|4

32(q21 −m2
νi
)2(q22 −m2

νi
)2

×
{
(α+ β)2Tr

[
(14 + γ5)γµ/q1/q2γ

ν
/p4γ

σ
/q2/q1γ

ρ
/p3

]
+m4

νi
(β − α)2Tr

[
(14 + γ5)γµγν/p4γ

σγρ/p3

]
+m2

νi
(β2 − α2)

(
Tr
[
(14 + γ5)γµ/q1/q2γ

ν
/p4γ

σγρ/p3

]
+ Tr

[
(14 + γ5)γµγν/p4γ

σ
/q2/q1γ

ρ
/p3

])}
(4.30)

Without contracting all indices, these traces result in thousands of terms, hence, instead of evaluating

them in this abstract scenario, we can check four interesting special cases:

β = α→
〈
|J1|2

〉
=

α2|gφ|2g4W |Uei|4

8(q21 −m2
νi
)2(q22 −m2

νi
)2

Tr
[
(14 + γ5)γµ/q1/q2γ

ν
/p4γ

σ
/q2/q1γ

ρ
/p3

]
(4.31)

β = −α→
〈
|J1|2

〉
=

α2m4
νi
|gφ|2g4W |Uei|4

8(q21 −m2
νi
)2(q22 −m2

νi
)2

Tr
[
(14 + γ5)γµγν/p4γ

σγρ/p3

]
(4.32)

α = 0 →
〈
|J1|2

〉
=

β2|gφ|2g4W |Uei|4

32(q21 −m2
νi
)2(q22 −m2

νi
)2

×
{

Tr
[
(14 + γ5)γµ/q1/q2γ

ν
/p4γ

σ
/q2/q1γ

ρ
/p3

]
+m4

νi
Tr
[
(14 + γ5)γµγν/p4γ

σγρ/p3

]
+m2

νi

(
Tr
[
(14 + γ5)γµ/q1/q2γ

ν
/p4γ

σγρ/p3

]
+ Tr

[
(14 + γ5)γµγν/p4γ

σ
/q2/q1γ

ρ
/p3

])}
(4.33)
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β = 0 →
〈
|J1|2

〉
=

α2|gφ|2g4W |Uei|4

32(q21 −m2
νi
)2(q22 −m2

νi
)2

×
{

Tr
[
(14 + γ5)γµ/q1/q2γ

ν
/p4γ

σ
/q2/q1γ

ρ
/p3

]
+m4

νi
Tr
[
(14 + γ5)γµγν/p4γ

σγρ/p3

]
−m2

νi

(
Tr
[
(14 + γ5)γµ/q1/q2γ

ν
/p4γ

σγρ/p3

]
+ Tr

[
(14 + γ5)γµγν/p4γ

σ
/q2/q1γ

ρ
/p3

])}
(4.34)

For β = α, the averaged matrix element squared has no explicit dependence on mνi
, while for β = −α

it is dominated by m4
νi

. As for α = 0 and β = 0, each case yields an opposite interference term of order

m2
νi

. We can also rewrite the vertex factor in terms of r and l such that the chirality projection operators

are explicitly separated:

α+ βγ5 = lPL + rPR =
r + l

2
14 +

r − l

2
γ5 ⇒ α =

r + l

2
, β =

r − l

2
(4.35)

The four cases above can be, respectively, understood as l = 0, r = 0, l = −r, l = r. That is,

only right handed currents, only left handed currents, and two mixed currents with opposite interferences

respectively. Therefore, we see that right-handed currents are proportional to the momenta of the internal

neutrinos while left-handed currents are proportional to the neutrino mass.

Now, to compute the u-channel, the only change will be switching p1 with p2 in the matrix element,

similarly as done for W−W− → e−e−. Thus, the current resulting from the Feynman diagram in Figure 6

right is

Jµν
2 =

−g∗φg2W (U∗
ei)

2

4(q′1
2 −m2

νi
)(q′2

2 −m2
νi
)
ūe(p3)γ

ν(14 − γ5)
[
(α+ β)/q

′
2/q

′
1
+ (β − α)m2

νi

]
γµve(p4) (4.36)

and the resulting averaged current squared is

〈
Jµν
2 |2

〉
=

|gφ|2g4W |Uei|4

32(q′1
2 −m2

νi
)2(q′2

2 −m2
νi
)2

×
{
(α+ β)2Tr

[
(14 + γ5)γν/q

′
2/q

′
1
γµ/p4γ

ρ
/q
′
1/q

′
2
γσ/p3

]
+m4

νi
(β − α)2Tr

[
(14 + γ5)γνγµ/p4γ

ργσ/p3

]
+m2

νi
(β2 − α2)

(
Tr
[
(14 + γ5)γν/q

′
2/q

′
1
γµ/p4γ

ργσ/p3

]
+ Tr

[
(14 + γ5)γνγµ/p4γ

ρ
/q
′
1/q

′
2
γσ/p3

])}
(4.37)

The total leptonic current is, therefore, by summing both the t- and u-channel,

Jµν =
−g∗φg2W (U∗

ei)
2

4
×

[
ūe(p3)γ

µ(14 − γ5)((α+ β)/q1/q2 + (β − α)m2
νi
)γνve(p4)

(q21 −m2
νi
)(q22 −m2

νi
)

−
ūe(p3)γ

ν(14 − γ5)((α+ β)/q
′
2/q

′
1
+ (β − α)m2

νi
)γµve(p4)

(q′1
2 −m2

νi
)(q′2

2 −m2
νi
)

] (4.38)

As for the crossed term between t- and u-channels, we have simply

〈J∗
1J2〉 =

|gφ|2g4W |Uei|4

32(q12 −m2
νi
)(q22 −m2

νi
)(q′1

2 −m2
νi
)(q′2

2 −m2
νi
)

×
{
(α+ β)2Tr

[
(14 + γ5)γµ/q1/q2γ

ν
/p4γ

ρ
/q
′
1/q

′
2
γσ/p3

]
+m4

νi
(β − α)2Tr

[
(14 + γ5)γµγν/p4γ

ργσ/p3

]
+m2

νi
(β2 − α2)

(
Tr
[
(14 + γ5)γµ/q1/q2γ

ν
/p4γ

ργσ/p3

]
+ Tr

[
(14 + γ5)γµγν/p4γ

ρ
/q
′
1/q

′
2
γσ/p3

])}
(4.39)

Although daunting, this expression is the most general form possible for 0νββφ. With the small
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neutrino mass, we can neglect it without much loss of generality and consider only the terms proportional

to the 4-momenta of the internal neutrinos. Doing so is equivalent to setting β = α or, in other words,

considering only right-handed currents. Even though we are not calculating these traces explicitly and

the 4-momenta p1 and p2 are actually internal momenta that would be determined by the 4-momenta of

the hadronic current, we can, heuristically, set the outgoing 4-momenta as

p3 = (E3, ~p3) , p4 = (E4, ~p4) , p5 = (E5, ~p5) (4.40)

We then call ϕ′ the angle from ~p3 to ~p4, and ϕ the angle from ~p4 to ~p5. However, these angles are fixed

by the condition ~p3 + ~p4 + ~p5 = 0, hence

(1) ~p3 · ~p3 + ~p4 · ~p3 + ~p5 · ~p3 = 0

(2) ~p3 · ~p4 + ~p4 · ~p4 + ~p5 · ~p4 = 0

(3) ~p3 · ~p5 + ~p4 · ~p5 + ~p5 · ~p5 = 0

⇒


|~p3|+ |~p4| cos (ϕ′) + |~p5| cos (ϕ′ + ϕ) = 0

|~p3| cos (ϕ′) + |~p4|+ |~p5| cos (ϕ) = 0

|~p3| cos (ϕ′ + ϕ) + |~p4| cos (ϕ) + |~p5| = 0

(4.41)

Where we have used that the angle from ~p3 to ~p5 is simply the sum of the angles from ~p3 to ~p4 and ~p4

to ~p5. From (2) we have

cos (ϕ) = −|~p4|+ |~p3| cos (ϕ′)

|~p5|
(4.42)

Putting it in (3) and calculating |~p3| × (1) = |~p5| × (3), we obtain

|~p3|2 + |~p3||~p4| cos (ϕ′) = −|~p4|2 − |~p3||~p4| cos (ϕ′) + |~p5|2 ⇒ cos (ϕ′) =
|~p5|2 − |~p3|2 − |~p4|2

2|~p3||~p4|
(4.43)

which, results in

ϕ′ = cos−1

(
|~p5|2 − |~p4|2 − |~p3|2

2|~p3||~p4|

)
, ϕ = cos−1

(
|~p3|2 − |~p4|2 − |~p5|2

2|~p4||~p5|

)
,

ϕ+ ϕ′ = cos−1

(
|~p3|2 + |~p5|2 − |~p4|2

2|~p3||~p5|

) (4.44)

From these angles we can see 3 interesting special cases:

1. me, mφ << E3, E4, E5 ⇒ ϕ ≈ cos−1
(

E2
3−E2

4−E2
5

2E4E5

)
, ϕ′ ≈ cos−1

(
E2

5−E2
4−E2

3

2E3E4

)
2. E3 ≈ E4 ⇒ cos (ϕ′) ≈

(
1
2
|~p5|2
|~p3|2 − 1

)
= cos (2ϕ), cos (ϕ) ≈

(
− 1

2
|~p5|
|~p3|

)
3. |~p5| << |~p3|, |~p4| ⇒ ϕ′ → π, ϕ→ π

2

Although all 3 cases are interesting limits as they greatly simplify the calculations, the third result yields

both a similar angular dependency to that of 0νββ, as the electrons would be flying approximately in

opposite directions, and a direct measure of mφ as almost all the missing energy would have to be due

to the Majoron mass.

For a real process, in principle, it would not be difficult to write p1 and p2 in terms of the 4-momenta

of the hadronic current and obtain all the relations between the hadronic 4-momenta, p3, p4 and p5 in a

similar fashion as done in this example. Also, we would have to consider the scattering to be happening in
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3 dimensions, which would produce extra angles that we have purposely neglected in this brief illustration.

In fact, the momentum conservation would allow the two incoming momenta to be in a different plane to

the three outgoing momenta and we would have to use spherical trigonometry. This is similar to what

we will do in Section 5.3. Nonetheless, we have now obtained the leptonic current for both neutrinoless

processes and understood the role that the Majoron, right-handed currents and the neutrino mass play.

What is left for us to do is calculate their respective phase spaces and show how each process depend on

the Q-Value and the Majoron mass mφ.

4.3 Neutrinoless Phase Space and Decay Rates

To calculate the phase space for 0νββ, we could proceed with the exact differential decay rate for the

0+ → 0+ transition as given by [21], which reads

dΓ(0+ → 0+) =
(Gga)

4m7
e

2(2πR)2
[A0 + cos (θ)B0] dΩ0

dΩ0 = m−5
e |~pe1 ||~pe2 |εe1εe2δ(εe1 + εe2 + Ef −Mi)dεe1dεe2d cos (θ)

(4.45)

where cos(θ) = (~pe1 · ~pe2), ~pj and εj are the momentum and energy of the emitted electrons, EF the

energy of the daughter nucleus, Mi the mass of the parent nucleus, me the electron mass, R the nuclear

radius, A0 and B0 a combination of kinematic factors arising from the nuclear matrix element, G the

Fermi constant and ga the axial coupling constant. This is a quite general expression, however, since the

phase space for neutrinoless ββ decay processes will always have terms of the form A + B(p̂1 · p̂2), we

choose to use the decay rate given by [30], which reads

Γ0νββ ≈ |M0νββ |2

2M

∫
d3 ~P

2(2π)3M

d3~pe1
2(2π)3εe1

d3~pe2
2(2π)3εe2

(pe1 ·pe2)(2π)4δ(4)(P−pe1−pe2−P̃ )a(εe1 , εe2) (4.46)

In this approximation, M0νββ is assumed to depend only on the 4-momenta of the hadronic current,

while the 4-momenta of the leptonic current is carried only by the scalar products inside the integral.

This is achieved by using a Fierz transformation, as mentioned in Section 3.4. The notation remains the

same, but this time we have the masses and 4-momenta of the daughter and parent nuclei respectively

denoted by P,M and P̃ , M̃ , and the form factor a(εe1 , εe2), which describes the effect of the Coulomb

potential on the emitted electrons discussed in Section 3.4. We shall now proceed with solving Eq. (4.46)

in detail. First we integrate over ~P , resulting in

Γ0νββ ≈ |M0νββ |2

(2π)516M2

∫
d3~pe1
εe1

d3~pe2
εe2

(εe1εe2 − |~pe1 ||~pe2 | cos (θ))δ(Q+ 2me − εe1 − εe2)a(εe1 , εe2) (4.47)

It’s important to note, in this step, that the definition of the Q-value used is the kinetic energy difference

between final and initial states. That is, Q = M̃ −M − 2me = εe1 + εe2 − 2me, being M ≈ M̃ . The best

way to proceed from now on is to change the 3-momentum to polar coordinates, as given by

d3~pj → |~pj |2 d|~pj | dφ d cos θ (4.48)
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Integrating over φ and cos (θ), we find that the term proportional to cos (θ)) cancels identically since the

integral
∫ 1

−1
cos (θ)d cos (θ) is odd. The parity properties of the solid angle integrals will used without

ceremonies throughout all phase space calculations. Putting it all together, we have

Γ0νββ ≈ (4π)2

(2π)516M2
|M0νββ |2

∫
|~pe1 |2d|~pe1 ||~pe2 |2d|~pe2 |δ(Q+ 2me − εe1 − εe2)a(εe1 , εe2) (4.49)

Now, for the last change of variables, we can write |~pj |d|~pj | = εjdεj , resulting in

Γ0νββ ≈ (4π)2

(2π)516M2
|M0νββ |2

∫
|~pe1 |εe1dεe1 |~pe2 |εe2dεe2δ(Q+ 2me − εe1 − εe2)a(εe1 , εe2) (4.50)

There are many approximations that can be made to go even further in this calculation but, for now, we

will repeat the same process and calculate the phase space of 0νββφ [30].

Γ0νββφ ≈ |M0νββφ|2

2M

∫
d3 ~P

2(2π)3M

d3~pe1
2(2π)3εe1

d3~pe2
2(2π)3εe2

d3 ~pφ
2(2π)3εφ

×
[
(pe1 · pe2)(2π)4δ(4)(P − pe1 − pe2 − pφ − P̃ )a(εe1 , εe2)

] (4.51)

The first steps are identical, but we integrate first over the variables of the Majoron rather than over

those of the electrons. This results in

Γ0νββφ ≈ (4π)3 |M0νββφ|2

(2π)832M2

∫
|~pe1 |εe1dεe1 |~pe2 |εe2dεe2 |~pφ|dεφδ(Q+ 2me − εe1 − εe2 − εφ)a(εe1 , εe2)

=
|M0νββφ|2

4(2π)5M2

∫
|~pe1 |εe1dεe1 |~pe2 |εe2dεe2

√
(Q+ 2me − εe1 − εe2)

2 −m2
φa(εe1 , εe2) (4.52)

Although calculating this decay rate seems simple, we have one more integration to do as we have one

extra final particle. It is also important to notice that the Form factor a(εe1 , εe2) does not depend on

the Majoron. It is only due to the electromagnetic potential, and thus affects only electromagnetically

charged particles. To deal with this term, we can now consider a few interesting approximations that will

also be applied to all other ββ processes in the work. As argued by [30], for electron momenta |~pi| > me,

the form factor can be expressed as a(εe1 , εe2) = F0(εe1)F0(εe2), where F0 is the Fermi factor for k = 0.

This is a realistic assumption for the energies involved in ββ decay. The next thing we can do is the

so-called non-relativistic approximation, in which the Fermi factor Eq. 3.24 can be written as [21]

FNR
0 (ε) =

2πy

1− e−2πy
, y =

αZε

|~p|
(4.53)

Again, ββ decays emit non-relativistic electrons, making this approximation quite reasonable. To be able

to obtain an analytical expression for the decay rate, we can take the Primakoff-Rosen approximation

FNR
0 (ε) ≈ 2πy

1− e−2παZ
(4.54)
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without loss of generality for the energies considered. Putting this resulting form factor back into 4.52,

we obtain

Γ0νββφ ≈
(

2παZ

1− e−2παZ

)2 |M0νββφ|2

4(2π)5M2

∫
ε2e1dεe1ε

2
e2dεe2

√
(Q+ 2me − εe1 − εe2)

2 −m2
φ

(4.55)

Although feasible, this integral is rather complicated. We will be solving it exactly in Section 4.4, but

for now, if we take the limit mφ → 0 it becomes trivial and we can see how it depends on the Q-value.

Integrating over ε2 and subsequently over ε1, we obtain

Γ0νββφ ≈
(

2παZ

1− e−2παZ

)2 |M0νββφ|2

4(2π)5M2

∫ Q+me

me

dεe1ε
2
e1

∫ Q+2me−εe1

me

dεe2ε
2
e2 (Q+ 2me − εe1 − εe2)

=

(
2παZ

1− e−2παZ

)2 |M0νββφ|2

4(2π)5M2

∫ Q+me

me

dεe1
ε2e1
12

[(
11m2

e + 6me(Q− e1) + (Q− e1)
2
)
(me +Q− e1)

2
]

=

(
αZ

1− e−2παZ

)2
1

(2π)3
|M0νββφ|2

5040M2

[
210m4

eQ
3 + 210m3

eQ
4 + 84m2

eQ
5 + 14meQ

6 +Q7
]

(4.56)

For mφ > 0 MeV the expression is much more complicated, but the order in Q is the same, hence, 0νββφ

is of the order of Q7. Finally, doing the same calculation for (0νββ) and comparing the results, we obtain

Γ0νββ ≈
(

2παZ

1− e−2παZ

)2 |M0νββ |2

4(2π)3M2

∫ Q+me

me

ε2e1dεe1

∫ Q+me−εe1

me

ε2e2dεe2δ(Q+ 2me − εe1 − εe2)

=

(
2παZ

1− e−2παZ

)2 |M0νββ |2

4(2π)3M2

∫ Q+me

me

ε2e1dεe1(Q+ 2me − εe1)
2

=

(
αZ

1− e−2παZ

)2
1

(2π)

|M0νββ |2

120M2

[
120m4

eQ+ 60m3
eQ

2 + 40m2
eQ

3 + 10meQ
4 +Q5

]
(4.57)

As expected, the phase space for the Majoron emitting mode scales by two additional powers in Q

compared to the mode without Majoron emission. This is due to the extra particle in the final state and

will serve as to counter balance the change in the matrix element, which will have one extra propagator

for the second internal neutrino. Therefore, as the Q dependence of the phase space increases by 2, the

Q dependence of the matrix element squared reduces by 2, conserving the dimension of the decay rate.

We now have the phase space and the resulting decay rates of the selected neutrinoless processes.

From an experimental point of view, however, what we can measure is the energy distribution of the

emitted electrons. Most experiments are not able to separate both electrons and end up measuring the

energy spectrum of the two emitted electrons together. Very few experiments, such as NEMO-3 [37] and

Super-Kamiokande [14], are able to measure the emitted electrons individually. With that in mind, we

will now use the results we have obtained to provide such energy distributions.

4.4 Neutrinoless Energy Distribution

In this section, we will not worry about constants affecting the total decay rate and focus only on the

shape of the distributions. We will begin by analysing the 2 dimensional distribution as a function of both

electron energies before integrating it to analyse how the total energy shared by the electrons behaves.

The simplest phase space among all selected processes is that of 0νββ as it contains a Dirac delta function.
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This is evident from an energy conservation standpoint since there are no extra particles to share the

energy with the electrons, meaning that the total energy of the two electrons must add up to Q+ 2me.

From Eq. (4.57), we have

[
dΓ

dεe1dεe2

]
0νββ

∝ ε2e1ε
2
e2δ(Q+ 2me − εe1 − εe2) (4.58)

We can understand it as being a parabola defined solely by εe1 . As for the total energy of the electrons,

we can change the variables to

ε = εe1 + εe2 , ∆ε = εe1 − εe2 (4.59)

and integrate over ∆ε. Doing so, we obtain

[
dΓ

dε

]
0νββ

∝ −1

2

∫ 2me−ε

ε−2me

(
ε+∆ε

2

)2(
ε−∆ε

2

)2

δ(Q+ 2me − ε)d(∆ε)

=

(
ε5

30
− 2ε2m3

e

3
+ εm4

e −
2m5

e

5

)
δ(Q+ 2me − ε)

(4.60)

which is clearly still displays a Dirac delta constraining the total energy of the electrons to Q+ 2me, as

expected. As a matter of fact, this integral over d(∆ε) will be present in all energy distributions and

will be used without ceremony. Now, for 0νββφ, we can actually visualise the energy distribution. From

Eq. (4.56) we have [
dΓ

dεe1dεe2

]
0νββφ

∝ ε2e1ε
2
e2

√
(Q+ 2me − εe1 − εe2)

2 −m2
φ (4.61)

The Majoron mass is now present as a free parameter which can assume any value from 0 to Q. For

a convenient Q-value of 3MeV (∼ Q-value of 100Mo) and mφ = 1MeV, the 2D energy distribution is

depicted in Figure 7 (left), where the axes represent the kinetic energy of each electron. Notice that those

are limited to a maximum value of Q − mφ, rather than Q. Nonetheless, we see that the distribution

reaches a maximum value for large electron energies, such that a massive Majoron would tend to have a

low momentum. This adds to the discussion we had about the electron scattering angle that we had in

Section 4.2. The limit in which mφ dominates and the two electrons fly in opposite directions seem to

be favoured. We can see this same phenomenon in the distribution of the total energy of the electrons.

Using again the variable substitution defined by Eq. (4.59), we obtain

[
dΓ

dε

]
0νββφ

∝
(
ε5

30
− 2ε2m3

e

3
+ εm4

e −
2m5

e

5

)√
(Q+ 2me − ε)

2 −m2
φ (4.62)

This gives us the energy distribution depicted in Figure 7 (right) for different choices of mφ. As expected,

the decay rate is suppressed by mφ has a maximum shifted towards a higher kinetic energy. Moreover,

this is the opposite behaviour of the neutrino emitting processes, as will be shown later in Section 5.4.

Even though we do not detect either the Majoron or the neutrinos directly, such a big difference in the

energy distributions would be of substantial help to experimentally identify what decay mode is taking

place.

In Section 4.3 we have only considered the limit mφ → 0 of the 0νββφ decay rate as to obtain its

Q-value dependency more easily. Now, we want to use its full analytic form so that we can normalise

27



0.0 0.2 0.4 0.6 0.8 1.0
0.0

0.2

0.4

0.6

0.8

1.0

K1/(Q-mϕ)

K 2
/(
Q
-
m

ϕ
)

4.0× 1029

8.0× 1029

1.2× 1030

1.6× 1030

2.0× 1030

2.4× 1030

2.8× 1030

mϕ = 0

mϕ = 1 MeV

mϕ = 2 MeV

0.0 0.2 0.4 0.6 0.8 1.0

0

2

4

6

8

Ke/Q

dΓ
/d
ϵ
[
10

-
36
]

Figure 7: Left: 0νββφ 2-dimensional electron kinetic energy distribution at Q = 3 MeV and mφ = 1 MeV.
Right: 0νββφ total electron kinetic energy distribution at Q = 3 MeV for 3 values of mφ.

the energy distribution for different values of mφ and have a fair comparison with the standard 2νββ

distribution. As Eq. (4.62) is quite cumbersome to solve by hand, we rely on Mathematica to integrate.

Γ0νββ ∝
[
128m6

φ + 1779m4
φQ

2 + 1518m2
φQ

4 + 40Q6 + 8400m4
e(2m

2
φ +Q2) + 4200m3

e(13m
2
φQ+ 2Q3)

+560m2
e(16m

4
φ + 83m2

φQ
2 + 6Q4) + 70me(113m

4
φQ+ 194m2

φQ
3 + 8Q5)

] √Q2 −m2
φ

50400

+
m2

φ

960

[
240m4

eQ+ 5m4
φQ+ 20m2

φQ
3 + 8Q5 + 120m3

e(m
2
φ + 4Q2) + 80m2

e(3m
2
φQ+ 4Q3)

+10me(m
4
φ + 12m2

φQ
2 + 8Q4)

] log
 Q√

Q2 −m2
φ

− 1

− log

1 +
Q√

Q2 −m2
φ


(4.63)

Although intimidating, this expression results in the neat downward curve plotted in Figure 8 (left). As

for Figure 8 (right), we show a comparison between the normalised energy distribution of 0νββφ and that

of 2νββ, calculated in Appendix B, for 3 values of mφ. It is evident that the curves will never approach

each other as they show very distinct behaviours and the Majoron mass caps the maximum kinetic energy

of the electrons.
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Figure 8: Left: 0νββφ total decay rate as a function of mφ at Q = 3 MeV. Right: Comparison between
normalised 2νββ and 0νββφ total electron kinetic energy distributions at Q = 3 MeV for 3 values of mφ.
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5 2νφββ with Virtual Scalar φ Exchange

In this section we present a very intriguing process which has not yet been thoroughly studied in the

literature. Said process is, arguably, the simplest Majoron-induced neutrino-emitting double beta decay.

It consists of a standard 2νββ decay in which the two emitted neutrinos are actually connected by a

virtual scalar Majoron to two virtual neutrinos arising from the W -boson vertices. For this reason, we

label it as 2νφββ.

What is most attractive about this process is that it is composed of two components: The first is what

we call the s-channel and will label as 2νsφββ. In this process, the Majoron has a vertex which couples

with the two virtual neutrinos and another vertex from which the two emitted electrons are produced.

Depicted in Figure 9, this is analogous to an s-channel pair annihilation and production and, as we will

show, can only occur if neutrinos are Majorana neutrinos. The second is what we call the t+u-channel

and will label as 2νt+u
φ ββ. In this process, the Majoron has one vertex for each pair of virtual and real

neutrinos. Depicted in Figures 10 ahd 11 this is analogous to a t+u-channel scattering and can occur

regardless of the nature of the neutrinos.

Due to the fundamental difference between 2νsφββ and 2νt+u
φ ββ, we will deal with each current in a

different section. The phase space, on the other hand, depends on the same particles and, in principle,

one would have to consider all processes when calculating the decay rate for Majorana neutrinos. We

will not be as general.We will only be calculating the full decay rate for 2νsφββ, as partly done by [30],

and then the decay rate of one of the many terms of the 2νt+u
φ ββ. We will show how the remaining

terms can be promptly obtained from the symmetry properties of the matrix element and are not needed

for our qualitative discussion. Lastly, the energy distributions resulting from this analysis are key to

understanding how 2νφββ compares to 0νββ and, most importantly, 2νββ. We will close this section by

showing how and when the energy spectrum of 2νφββ is closer to that of 2νββ.

5.1 s-Channel Leptonic Current

Having calculated the leptonic current for 0νββφ in Section 4.2, obtaining the leptonic current of 2νsφββ,

here labeled Jµν
2νs

φββ
, becomes trivial. You may have noticed that the diagrams in Figure 9 are, to some

extent, a 0νββφ in which the emitted Majoron subsequently decays into two neutrinos. Hence, the

leptonic current can be acquired by connecting the matrix element Mφν̄ν̄ of the process φ → ν̄ν̄ to
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U∗
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U∗
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U∗
ei

p1

p2

p4

p3
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q1 ν̄i
p5
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φ

Figure 9: 2νsφββ Feynman diagrams. Left s1-channel. Right s2-channel.
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the leptonic current Jµν
0νββφ, calculated in Section 4.2, via the Majoron propagator, which is simply the

propagator of a scalar particle up to a first order correction of iΓφmφ. The permutation of the electrons

is already accounted for in J0νββ and is the only symmetry present since the two neutrinos are coming

from the same vertex. Moreover, Jµν
2νs

φββ
inherits the lepton number violating vertices from Jµν

0νββφ and

cannot occur for Dirac neutrinos. Following the Feynman rules for Majorana particles, we obtain

Mµν
φν̄ν̄ = gφ [vνe(p6)]α

[
Ĉ−1

(
α+ βγ5

)]
αβ

[vνe(p5)]β = gφv
T
νe
(p6)Ĉ

−1
(
α+ βγ5

)
vνe(p5) (5.1)

Using the identities in Eq. (3.19), the transposed spinor becomes

vTνe
Ĉ−1 =

(
ĈT vνe

)T
= −

(
Ĉvνe

)T
= −

(
ūTνe

)T
= −ūνe

which yields

Mφν̄ν̄ = −gφūνe(p6)
(
α+ βγ5

)
vνe(p5) (5.2)

The resulting leptonic current is, therefore

Jµν
2νs

φββ
=

|gφ|2g2W (U∗
ei)

2

4
(
q23 −m2

φ + imφΓφ

) [ūνe(p6)
(
α+ βγ5

)
vνe(p5)

]
×

[
ūe(p3)γ

µ(14 − γ5)((α+ β)/q1/q2 + (β − α)m2
νi
)γνve(p4)

(q21 −m2
νi
)(q22 −m2

νi
)

−
ūe(p3)γ

µ(14 − γ5)((α+ β)/q
′
2/q

′
1
+ (β − α)m2

νi
)γνve(p4)

(q′1
2 −m2

νi
)(q′2

2 −m2
νi
)

] (5.3)

where the Majoron 4-momentum satisfies q3 = q1− q2 = q′1+ q
′
2 = p5+ p6. The averaged current squared〈∣∣∣J2νs

φββ

∣∣∣〉 follows promptly by multiplying the averaged current squared obtained in Section 4.2 by〈
|Mφν̄ν̄ |2

〉
/

((
q23 −m2

φ

)2
+ Γ2

φm
2
φ

)
. The latter is obtained by using Casimir’s trick on Eq. (5.1), giving

〈
|Mφν̄ν̄ |2

〉
=

|gφ|2

4
Tr
[(
α+ βγ5

) (
/p5 −mνe

) (
α− βγ5

) (
/p6 +mνe

)]
(5.4)

Expanding the terms within the trace and using Tr[γµ] = 0, Tr[γ5γµ] = 0 and Tr[γ5γµγν ] = 0, only 2

terms remain, resulting in

〈
|Mφν̄ν̄ |2

〉
=

|gφ|2

4
Tr
[(
α2 + β2

)
/p5/p6 −

(
α2 − β2

)
m2

νe

]
= |gφ|2

[(
α2 + β2

)
p5 · p6 −

(
α2 − β2

)
m2

νe

]
(5.5)

Mφν̄ν̄ will be useful again in Section 5.3, where we will have to calculate the decay rate Γφ explicitly.

We will not by as lucky with the phase space calculation for this process as we were with the current

since, as we will see, the phase space of 0νββφ is not adaptable to conform with this process.

5.2 t+u-Channel Leptonic Current

The t+u-channel is a very distinct process to the s-channel. To begin with, no Majorana neutrino is

required as there is no antineutrino pair annihilation in the Majoron vertices. In fact, if we replace the
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Figure 10: 2νtφββ Feynman diagrams. Left: t1-channel with q3 = p1 − p3 − p5 = p6 + p4 − p2. Right:
t2-channel with q′3 = p1 − p4 − p5 = p6 + p3 − p2.

Majoron by a Z-boson, this becomes an allowed process in the Standard Model. It is not relevant, though,

as it is heavily suppressed by the large mass of the Z-boson. In our model the Majoron mass is assumed

small enough so that we can have a substantial contribution to ββ decay.

The nomenclatures may become a little confusing as we now have t and u-channels for both the

electrons and neutrinos. We will keep the t and u labels for the neutrinos and use 1 and 2 for the

electrons to avoid confusion. Also, q′i always refers to the electron u-channel (2) while qi refers to the

t-channel (1). Lastly, the Majoron momentum will be different in each of the four diagrams, therefore,

in addition to the primed notation, we will add a tilde to momenta referring to the neutrino u-channel.

We begin with the t1-channel. The diagram in Figure 10 (left) yields

jµνt1 =
|gφ|2g2W (U∗

ei)
2

8(q21 −m2
νi
)(q22 −m2

νi
)(q23 −m2

φ)

[
ūe(p3)γ

µ(14 − γ5)(/q1 +mνi)(α+ βγ5)vνe(p5)
]

×
[
ūe(p4)γ

ν(14 − γ5)(/q2 +mνi)(α+ βγ5)vνe(p6)
] (5.6)

We neglect the higher order correction imφΓφ in the Majoron propagator since it is too small when

compared to the internal momentum transfer, as we will show in Section 5.3.2.Using {γµ, γ5} = 0, the

terms squeezed between projectors simplify to

(14 − γ5)(/qi +mνi
)(α+ βγ5) = (14 − γ5)

[
(α+ β)/qi + (α− β)mνi

]
Plugging this result back in the current, we obtain a similar result to that of 2νsφββ, in which the neutrino

mass depends on (α− β) while the internal momenta depends on (α+ β).

jµνt1 =
|gφ|2g2W (U∗

ei)
2

8(q21 −m2
νi
)(q22 −m2

νi
)(q23 −m2

φ)

[
ūe(p3)(14 + γ5)γµ

[
(α+ β)/q1 + (α− β)mνi

]
vνe

(p5)
]

×
[
ūe(p4)(14 + γ5)γν

[
(α+ β)/q2 + (α− β)mνi

]
vνe

(p6)
] (5.7)

Taking advantage of the symmetry when swapping p3 ↔ p4, the current for the t2-channel, depicted in
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Figure 10 (right), follows immediately

jµνt2 =
|gφ|2g2W (U∗

ei)
2

8(q
′2
1 −m2

νi
)(q

′2
2 −m2

νi
)(q

′2
3 −m2

φ)

[
ūe(p4)(14 + γ5)γµ

[
(α+ β)/q

′
1
+ (α− β)mνi

]
vνe

(p5)
]

×
[
ūe(p3)(14 + γ5)γν

[
(α+ β)/q

′
2
+ (α− β)mνi

]
vνe

(p6)
]
(5.8)

Now, for the averaged current squared, we will make use of the following definition:

Γ(qk) = (α+ β)/qk + (α− β)mνi (5.9)

This definition will not be used for anything other than keeping the calculations concise in this section,

hence, it is nothing more than a shorthand and has no profound mathematical relevance. Following

Casimir’s trick, we take the first term in square brackets in Eq. (5.7), multiply it by its dagger (complex

conjugate transposed) and then take the trace of the product. This gives

Tr
[(
v̄νe

(p5)Γ(q1)γ
ρ(14 − γ5)ue(p3)

) (
ūe(p3)(14 − γ5)γµΓ(q1)vνe

(p5)
)]

=2Tr
[(

(α+ β)/q1 + (α− β)mνi

)
(14 + γ5)γρ/p3γ

µ
(
(α+ β)/q1 + (α− β)mνi

)
(/p5 −mνe)

]
Recalling that the trace of any odd number of γµ is zero, we can get rid of 3 terms in the trace, leaving

us with

2Tr
[
(14 + γ5)γρ/p3γ

µ
(
(α+ β)2/q1/p5/q1 + (α− β)2m2

νi/p5 − 2(α2 − β2)m2
νi/q1

)]
Where we have used the cyclic property of the trace and assumed mνe

≈ mνi
as these masses are of

the same tiny order even though νe is not a mass eigenstate. By symmetry, the second term in square

brackets has the exact same form, therefore, the first averaged current squared is

〈
|jt1|2

〉
=

|gφ|4g4W |Uei|4

256(q21 −m2
νi
)2(q22 −m2

νi
)2(q23 −m2

φ)
2

× Tr
[
(14 + γ5)γρ/p3γ

µ
(
(α+ β)2/q1/p5/q1 + (α− β)2m2

νi/p5 − 2(α2 − β2)m2
νi/q1

)]
× Tr

[
(14 + γ5)γσ/p4γ

ν
(
(α+ β)2/q2/p6/q2 + (α− β)2m2

νi/p6 − 2(α2 − β2)m2
νi/q2

)] (5.10)

Swapping p3 ↔ p4 the second averaged matrix element squared follows

〈
|jt2|2

〉
=

|gφ|4g4W |Uei|4

256(q
′2
1 −m2

νi
)2(q

′2
2 −m2

νi
)2(q

′2
3 −m2

φ)
2

× Tr
[
(14 + γ5)γρ/p4γ

µ
(
(α+ β)2/q

′
1/p5/q

′
1
+ (α− β)2m2

νi/p5 − 2(α2 − β2)m2
νi/q

′
1

)]
× Tr

[
(14 + γ5)γσ/p3γ

ν
(
(α+ β)2/q

′
2/p6/q

′
2
+ (α− β)2m2

νi/p6 − 2(α2 − β2)m2
νi/q

′
2

)] (5.11)

We are now left with calculating the crossed term. Arranging the spinor blocks of j†t1jt2 in the correct

order we obtain, without further ado, the following trace

4Tr
[
Γ(q1)γ

ρ
/p3 (14 + γ5)γνΓ(q′2)(/p6 −mνe

)Γ(q2)γ
σ(14 − γ5)︸ ︷︷ ︸ /p4γµΓ(q′1)(/p5 −mνe

)

]
(5.12)
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Figure 11: 2νuφββ Feynman diagrams. Left: u1-channel with q3 = p1 − p3 − p6 = p5 + p4 − p2. Right:
u2-channel with q′3 = p1 − p4 − p6 = p5 + p3 − p2.

The underbraced term can be expanded, as done for
〈
|jt1|2

〉
, giving

(14 − γ5)Γ(q′2)(/p6 −mνe
)Γ(q2)(14 + γ5)

=2(14 − γ5)
[
(α+ β)2/q

′
2/p6/q2 + (α− β)2m2

νi/p6 − (α2 − β2)m2
νi
(/q2 + /q

′
2
)
]

Notice that this term contains only odd combinations of γµ. Yet, we have another term to expand,

namely, Γ(q′1)(/p5−mνe
)Γ(q1). However, since the rest of the terms contain only odd combinations of γµ,

we can neglect all terms with an even combination of γµ, thus

Γ(q′1)(/p5 −mνe
)Γ(q1) → (α+ β)2/q

′
1/p5/q1 + (α− β)2m2

νi/p5 − (α2 − β2)m2
νi
(/q

′
1
+ /q1)

Plugging these results back into the trace, we obtain the crossed term

〈
j†t1jt2

〉
=

|gφ|4g4W |Uei|4

128(q21 −m2
νi
)(q22 −m2

νi
)(q23 −m2

φ)(q
′2
1 −m2

νi
)(q

′2
2 −m2

νi
)(q

′2
3 −m2

φ)

× Tr
[
(14 + γ5)γρ/p3γ

ν
(
(α+ β)2/q

′
2/p6/q2 + (α− β)2m2

νi/p6 − (α2 − β2)m2
νi
(/q2 + /q

′
2
)
)

γσ/p4γ
µ
(
(α+ β)2/q

′
1/p5/q1 + (α− β)2m2

νi/p5 − (α2 − β2)m2
νi
(/q

′
1
+ /q1)

)] (5.13)

The u-channel, represented by the diagrams in Figure 11, immediately follows by swapping p5 ↔ p6 in

the results obtained so far for the t-channel. Even though the internal momenta of the neutrinos are the

same as the equivalent t-channel processes, the Majoron internal momentum is different for each diagram.

The currents are given by

jµνu1 =
|gφ|2g2W (U∗

ei)
2

8(q21 −m2
νi
)(q22 −m2

νi
)(q̃23 −m2

φ)

[
ūe(p3)(14 + γ5)γµ

[
(α+ β)/q1 + (α− β)mνi

]
vνe

(p6)
]

×
[
ūe(p4)(14 + γ5)γν

[
(α+ β)/q2 + (α− β)mνi

]
vνe

(p5)
] (5.14)
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jµνu2 =
|gφ|2g2W (U∗

ei)
2

8(q
′2
1 −m2

νi
)(q

′2
2 −m2

νi
)(q̃

′2
3 −m2

φ)

[
ūe(p4)(14 + γ5)γµ

[
(α+ β)/q

′
1
+ (α− β)mνi

]
vνe

(p6)
]

×
[
ūe(p3)(14 + γ5)γν

[
(α+ β)/q

′
2
+ (α− β)mνi

]
vνe(p5)

] (5.15)

The averaged current squared terms are, respectively

〈
|ju1|2

〉
=

|gφ|4g4W |Uei|4

256(q21 −m2
νi
)2(q22 −m2

νi
)2(q̃23 −m2

φ)
2

× Tr
[
(14 + γ5)γρ/p3γ

µ
(
(α+ β)2/q1/p6/q1 + (α− β)2m2

νi/p6 − 2(α2 − β2)m2
νi/q1

)]
× Tr

[
(14 + γ5)γσ/p4γ

ν
(
(α+ β)2/q2/p5/q2 + (α− β)2m2

νi/p5 − 2(α2 − β2)m2
νi/q2

)] (5.16)

〈
|ju2|2

〉
=

|gφ|4g4W |Uei|4

256(q
′2
1 −m2

νi
)2(q

′2
2 −m2

νi
)2(q̃

′2
3 −m2

φ)
2

× Tr
[
(14 + γ5)γρ/p4γ

µ
(
(α+ β)2/q

′
1/p6/q

′
1
+ (α− β)2m2

νi/p6 − 2(α2 − β2)m2
νi/q

′
1

)]
× Tr

[
(14 + γ5)γσ/p3γ

ν
(
(α+ β)2/q

′
2/p5/q

′
2
+ (α− β)2m2

νi/p5 − 2(α2 − β2)m2
νi/q

′
2

)] (5.17)

〈
j†u1ju2

〉
=

|gφ|4g4W |Uei|4

128(q21 −m2
νi
)(q22 −m2

νi
)(q̃23 −m2

φ)(q
′2
1 −m2

νi
)(q

′2
2 −m2

νi
)(q̃

′2
3 −m2

φ)

× Tr
[
(14 + γ5)γρ/p3γ

ν
(
(α+ β)2/q

′
2/p5/q2 + (α− β)2m2

νi/p5 − (α2 − β2)m2
νi
(/q2 + /q

′
2
)
)

γσ/p4γ
µ
(
(α+ β)2/q

′
1/p6/q1 + (α− β)2m2

νi/p6 − (α2 − β2)m2
νi
(/q

′
1
+ /q1)

)] (5.18)

which are perfectly symmetric to those of the t-channel.

The u-channel results came for free from the t-channel calculations, but now we are left with yet

more crossed terms to calculate: We must also consider the crossed terms between each t-channel and

u-channel. These are much simpler to calculate once we have understood how the t-channel calculations

were done, but we still cannot simply swap momenta as there were some cancellations in the non-crossed

terms that will not be present now. Let us start by considering
〈
j†t1ju1

〉
. Arranging the spinor blocks in

the correct order, we obtain the trace

4Tr
[
Γ(q1)γ

ρ
/p3(14 + γ5)γµΓ(q1)(/p6 −mνe

)Γ(q2)γ
σ(14 − γ5)/p4γ

νΓ(q2)(/p5 −mνe
)
]

If we compare it to the trace obtained in Eq. (5.13), we see that they are both the same if we swap

q′2 → q1, q
′
1 → q2 and µ↔ ν. Doing so, we obtain

〈
j†t1ju1

〉
=

|gφ|4g4W |Uei|4

128(q21 −m2
νi
)2(q22 −m2

νi
)2(q23 −m2

φ)(q̃
2
3 −m2

φ)

× Tr
[
(14 + γ5)γρ/p3γ

µ
(
(α+ β)2/q1/p6/q2 + (α− β)2m2

νi/p6 − (α2 − β2)m2
νi
(/q2 + /q1)

)
γσ/p4γ

ν
(
(α+ β)2/q2/p5/q1 + (α− β)2m2

νi/p5 − (α2 − β2)m2
νi
(/q2 + /q1)

)] (5.19)
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The
〈
j†t2ju2

〉
term follows identically by swapping p3 ↔ p4, q1 → q′1 and q2 → q′2, thus,

〈
j†t2ju2

〉
=

|gφ|4g4W |Uei|4

128(q
′2
1 −m2

νi
)2(q

′2
2 −m2

νi
)2(q

′2
3 −m2

φ)(q̃
′2
3 −m2

φ)

× Tr
[
(14 + γ5)γρ/p4γ

µ
(
(α+ β)2/q

′
1/p6/q

′
2
+ (α− β)2m2

νi/p6 − (α2 − β2)m2
νi
(/q

′
2
+ /q

′
1
)
)

γσ/p3γ
ν
(
(α+ β)2/q

′
2/p5/q

′
1
+ (α− β)2m2

νi/p5 − (α2 − β2)m2
νi
(/q

′
2
+ /q

′
1
)
)] (5.20)

As for the remaining terms, they follow a similar calculation to that of Eq. (5.10). Starting by
〈
j†t1ju2

〉
,

we have the two traces

4Tr
[
Γ(/q1)(14 + γ5)γρ/p3γ

νΓ(/q
′
2
)(/p5 −mνe

)
]

Tr
[
Γ(/q2)(14 + γ5)γσ/p4γ

µΓ(/q
′
1
)(/p6 −mνe

)
]

The only differences from that of Eq. (5.10) are having two distinct internal momenta in each trace and

swapping µ↔ ν, therefore

〈
j†t1ju2

〉
=

|gφ|4g4W |Uei|4

256(q21 −m2
νi
)(q22 −m2

νi
)(q23 −m2

φ)(q
′2
1 −m2

νi
)(q

′2
2 −m2

νi
)(q̃

′2
3 −m2

φ)

× Tr
[
(14 + γ5)γρ/p3γ

ν
(
(α+ β)2/q

′
2/p5/q1 + (α− β)2m2

νi/p5 − (α2 − β2)m2
νi
(/q1 + /q

′
2
)
)]

× Tr
[
(14 + γ5)γσ/p4γ

µ
(
(α+ β)2/q

′
1/p6/q2 + (α− β)2m2

νi/p6 − (α2 − β2)m2
νi
(/q2 + /q

′
1
)
)] (5.21)

By swapping p3 ↔ p4, q1 ↔ q′2 and q2 ↔ q′1, we obtain the last term

〈
j†t2ju1

〉
=

|gφ|4g4W |Uei|4

256(q
′2
1 −m2

νi
)(q

′2
2 −m2

νi
)(q

′2
3 −m2

φ)(q
2
1 −m2

νi
)(q22 −m2

νi
)(q̃23 −m2

φ)

× Tr
[
(14 + γ5)γσ/p3γ

µ
(
(α+ β)2/q1/p6/q

′
2
+ (α− β)2m2

νi/p6 − (α2 − β2)m2
νi
(/q1 + /q

′
2
)
)]

× Tr
[
(14 + γ5)γρ/p4γ

ν
(
(α+ β)2/q2/p5/q

′
1
+ (α− β)2m2

νi/p5 − (α2 − β2)m2
νi
(/q2 + /q

′
1
)
)] (5.22)

The full leptonic current is then defined by

Jµν
(t+u) = jµν(t1) − jµν(t2) − jµν(u1) + jµν(u2)

(5.23)

where we have taken into account the relative minus sign gained by swapping two fermions. The averaged

leptonic current squared is

〈
|J(t+u)|2

〉
=
〈
|jt1|2

〉
+
〈
|jt2|2

〉
+
〈
|ju1|2

〉
+
〈
|ju2|2

〉
− 2Re

[
j†t1jt2

]
− 2Re

[
j†u1ju2

]
− 2Re

[
j†t1ju1

]
+ 2Re

[
j†t1ju2

]
+ 2Re

[
j†t2ju1

]
− 2Re

[
j†t2ju2

] (5.24)

You might be wondering why we have not considered the crossed terms involving the s-channel. As we

have mentioned before, the s-channel is only possible for Majorana neutrinos while the t+u-channel is

possible in any case. Therefore, we choose to keep the processes independent.
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5.3 Phase Space and Decay Rates

All calculations so far have assumed the most general coupling between the neutrinos and the Majoron

given in Eq. (4.21). In practice, the terms containing the neutrino mass have an insignificant contribution

that can be neglected when other terms are considered. Of course, this is not the case if α + β = 0 and

only terms containing the neutrino mass would survive. Nonetheless, we will neglect the neutrino mass.

The exotic ββ modes are suppressed by α, β and mν , hence they are very small unless α and β are very

large.

5.3.1 s-Channel

We shall begin the calculation by the s-channel. The decay rate is given, again, by [30] and reads

Γs
2νφββ

≈ 1

2M
|M0νββφ|2

∫
d3 ~P

2(2π)3M

d3~pe1
2(2π)3εe1

d3~pe2
2(2π)3εe2

d3~pν1

2(2π)3εν1

d3~pν2

2(2π)3εν2

(pe1 · pe2)

× |Mφν̄ν̄ |2(
(pν1

+ pν2
)
2 −m2

φ

)2
+m2

φΓ
2
φ

(2π)4δ(4)(P − pe1 − pe2 + pν1 + pν2 − P̃ )a(εe1 , εe2)
(5.25)

In this expression, we have two nuclear matrix elements. This comes from the decomposition of 2νsφββ

decay as a 0νββφ decay followed by a φ→ ν̄ν̄ decay we have done in Section 5.1. Here, M0νββφ carries

the nuclear part of the decay while the leptonic part is carried by Mφν̄ν̄ , the Majoron propagator and

(pe1 ·e2 ). This separation between leptonic and nuclear parts is made possible, again, by doing a Fierz

Transformation. Moreover, the decay rate Γφ of the Majoron appears explicitly. It is calculated via the

decay rate formula for a two body decay in the centre-of-mass reference frame, as given in [36]. To do

so, we use the averaged matrix element squared 〈|Mφν̄ν̄ |〉 obtained in Eq. (5.5), since the Majoron is

assumed to couple only to neutrinos. This results in

Γφ =
|~pν1

|
32π2m2

φ

∫
|gφ|2

[(
α2 + β2

)
pν1 · pν2 −

(
α2 − β2

)
m2

νe

]
dΩ (5.26)

where Ω is the solid angle of the scattering. By using 4-momentum conservation, ~pν1 · ~pν2 = −|~pν1 |2,

mφ = 2εν1 and |~pν1 | =
√

m2
φ−4m2

νe

4 , thus

Γφ =
|gφ|2

16πm2
φ

√
m2

φ − 4m2
νe

4

[(
α2 + β2

)
(m2

φ − 2m2
νe
)− 2

(
α2 − β2

)
m2

νe

]
=

|gφ|2

32πm2
φ

√
m2

φ − 4m2
νe

[(
α2 + β2

)
m2

φ − 4α2m2
νe

] (5.27)

and, taking the limit mφ >> mν

Γφ ≈ |gφ|2mφ

32π

(
α2 + β2

)
(5.28)

Now, back to Γs
2νφββ

, we will need to do a few changes of variables. We integrate Eq. (5.25) over ~P and

use Eq. (4.48) again for all coordinates. Integrating over the solid angle of the two electrons adds a factor

of (4π)2. The solid angle of the neutrinos can be written in spherical coordinates under the assumption

that both neutrinos are in the same place. This yields two free azymuthal angles, one free polar angle
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and the angle between the two neutrinos, which we call θ. Integrating over the azimuthal angle of each

neutrino and the free polar angle adds a factor of 2(2π)2. The only remaining angle, upon which the

denominator depends, is the angle θ between the two neutrinos. We are now left with

Γs
2νφββ

≈|gφ|2
|M0νββφ|2

8(2π)7M2

∫
|~pe1 |εe1dεe1 |~pe2 |εe2dεe2a(εe1 , εe2)δ(Q+ 2me − εe1 − εe2 − εν1

− εν2
)

×
[(
α2 + β2

)
(εν1

εν2
− |~pν1

||~pν2
| cos θ)−

(
α2 − β2

)
m2

νe

](
2m2

νe
+ 2εν1εν2 − 2|~pν1 ||~pν2 | cos θ −m2

φ

)2
+m2

φΓ
2
φ

|~pν1
|dεν1

|~pν2
|dεν2

d cos θ
(5.29)

We can not go any further without changing variables. Since we do not actually observe the two neutrinos,

but the sum of their energies as a total missing energy, we can write each neutrino’s energy as a projection

of this total missing energy ε,

εν1
= ε sin2 ξ, εν2

= ε cos2 ξ ⇒ εν1
+ εν2

= ε, εν1
εν2

= ε2 sin2 ξ cos2 ξ =
ε2 sin2 (2ξ)

4
(5.30)

The Jacobian determinant for such a transformation is given by

dεν1
dεν2

= ε sin(2ξ)dεdξ (5.31)

It is important to note, however, that since both energies are always positive, we must limit the angle ξ

to 0 ≤ ξ ≤ π
2 , otherwise we would be counting the same value twice and the coordinate change would

not be bijective. Also, we finally assume mνe
≈ 0 and the decay rate becomes

Γs
2νφββ

≈|gφ|2
|M0νββφ|2

8(2π)7M2

∫
|~pe1 |εe1dεe1 |~pe2 |εe2dεe2a(εe1 , εe2)δ(Q+ 2me − εe1 − εe2 − ε)

×
(
α2 + β2

) sin2 (2ξ)−sin2 (2ξ) cos θ
2(

ε2

m2
φ

sin2 (2ξ)−sin2 (2ξ) cos θ
2 − 1

)2
+

Γ2
φ

m2
φ

ε5 sin3 (2ξ)

8m4
φ

d cos θdεdξ
(5.32)

We are getting closer to the final result, but there is one more change of variables we have to do to

get this integral in a suitable form. We define new variables x and y such that

1− x2 =
sin2 (2ξ)− sin2 (2ξ) cos θ

2

1− y2 =
sin2 (2ξ) + sin2 (2ξ) cos θ

2

⇒

 x =
√

1− sin2 (2ξ) sin2 (θ/2)

y =
√
1− sin2 (2ξ) cos2 (θ/2)

(5.33)

Inverting the expressions to isolate ξ and θ, we obtain

ξ =
arcsin

√
2− x2 − y2

2
, θ = 2arcsin

√
1− x2

2− x2 − y2
= 2arccos

√
1− y2

2− x2 − y2

and the Jacobian determinant for this transformation is given by

|J|(x, y) = xy
√
1− x2

√
1− y2

√
x2 + y2 − 2

√
1− x2 − y2
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Combining all this information, we can write

sin3 (2ξ)d cos θdξ = −
xy(2− x2 + y2)

3
2 sin

(
2 arcsin

√
1−x2

2−x2+y2

)
√
1− x2

√
1− y2

√
x2 + y2 − 2

√
1− x2 − y2

dxdy

= −
2xy(2− x2 + y2)

3
2

√
1−x2

2−x2+y2

√
1−y2

2−x2+y2

√
1− x2

√
1− y2

√
x2 + y2 − 2

√
1− x2 − y2

dxdy

= − 2ixy√
1− x2 − y2

dxdy

The only dependency of the decay rate in y is in the expression we have just obtained. Therefore, we can

integrate it and get rid of the y variable. Our definition of the coordinates gives 1 ≤ x2 + y2 ≤ 2, which

implies
√
1− x2 ≤ y ≤

√
2− x2, hence

∫ √
2−x2

√
1−x2

2ixy√
1− x2 − y2

dy = −2ix

(√
1− x2 −

√
2− x2

2
−
√
1− x2 −

√
1− x2

2
)

= −2ix
√
−1 = 2x

The resulting decay rate is

Γs
2νφββ

≈|gφ|2
|M0νββφ|2

32(2π)7M2

∫ Q+2me−εe1−εe2

0

|~pe1 |εe1dεe1 |~pe2 |εe2dεe2a(εe1 , εe2)δ(Q+ 2me − εe1 − εe2 − ε)

× ε5

m4
φ

∫ 1

0

(
α2 + β2

)
x
(
1− x2

)(
ε2

m2
φ
(1− x2)− 1

)2
+

Γ2
φ

m2
φ

dxdε
(5.34)

There is, however, an important remark we have to make: If we consider both emitted neutrinos to

be identical particles, we must not integrate cos θ from −1 to 1 as there is an extra symmetry in the

exchange of one neutrino with the other. In this case, our integration limits would be −1 and 0. As per

the definition of our change of variables, limiting θ to π
2 results in setting the upper limit for x to 1/2,

hence, integrating it from 0 to 1
2 . Nonetheless, We will continue with the calculation without limiting θ.

The integral in x is rather complicated, but we can approximate it by expanding the integrand in ε
mφ

.

This can only be done if ε << mφ, which is not always true. This is an arbitrary decision we are making

for the sake of simplicity since, for now, we are only interested in the Q-value dependency of this process.

In fact, we will be revisiting this calculation later in Section 5.4 where we will integrate it analytically to

obtain the energy distributions. The expansion yields, up to first order

∫ 1

0

x
(
1− x2

)(
ε2

m2
φ
(1− x2)− 1

)2
+

Γ2
φ

m2
φ

dx ≈
∫ 1

0

x− x3

Γ2
φ

m2
φ
+ 1

dx+O

(
ε2

m2
φ

)
=

1

4
(

Γ2
φ

m2
φ
+ 1
) +O

(
ε2

m2
φ

)

By considering, without any loss of generality, Γφ << mφ, dropping higher order terms of the expansion,

and integrating over ε, the decay rate results in

Γs
2νφββ

≈
(
α2 + β2

)
|gφ|2

128(2π)7M2
|M0νββφ|2

∫
|~pe1 |εe1 |~pe2 |εe2a(εe1 , εe2)

(Q+ 2me − εe1 − εe2)
5

m4
φ

dεe1dεe2 (5.35)

The last thing we will be doing now is the integral over the two electrons. As done previously, we take

the non-relativistic and the Primakoff-Rosen approximations in Eq. (4.53) and Eq. (4.54). Also, we use
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Eq. (5.28) to absorb some prefactors into Γφ. This yields

Γs
2νφββ

=
Γφ

8(2π)4M2m5
φ

(
|M0νββφ|
1− e−2παZ

)2 ∫ Q+me

me

∫ Q+2me−ε2

me

ε2e1ε
2
e2(Q+2me− εe1 − εe2)5dεe1dεe2 (5.36)

The integrals evaluate as

∫ Q+me

me

∫ Q+2me−ε2

me

ε2e1ε
2
e2(Q+ 2me − εe1 − εe2)

5dεe1dεe2

=

∫ Q+me

me

ε2e2
168

(Q+me − εe2)
6(Q2 + 10Qme + 37m2

e − 2Qεe2 − 10meεe2 + ε2e2)dε2

=
Q11 + 22Q10me + 220Q9m2

e + 990Q8m3
e + 1980Q7m4

e

83160

giving our final result

Γs
2νφββ

≈ Γφ

(2π)4M2m5
φ

(
|M0νββφ|
1− e−2παZ

)2
Q11 + 22Q10me + 220Q9m2

e + 990Q8m3
e + 1980Q7m4

e

83160
(5.37)

The Q-value dependency is to the 11th power, 4 powers larger than that of 0νββφ. We will now show

that the t+u-channel also scales as Q11, as one would naturally expect.

5.3.2 t+u-Channel

The t+u-channel phase space has a few additional layers of complexity. To begin with, we do not have

a matrix element which is composed of a neutrinoless decay plus the Majoron decaying to the neutrinos.

Instead, we have something closer to the standard double beta decay, with the neutrinos and electrons

coupled in the same vertex. Also, we have different terms which couples both electrons and neutrinos

differently among each other. With that in mind, we will not be calculating the phase space for the total

matrix element squared, but rather only for the t1-channel depicted in Figure 10 (left) and obtained in

Eq. (5.10). The remaining channels are permutations and, after calculating the former, the rest would

follow trivially by swapping 4-momenta. Moreover, we do not have a clear predefined decomposition of

the matrix element as we have in the s-channel. we can define

|Mt1
2νφββ

|2 =
|Mt1

0νφββ
|2

(q2φ −m2
φ)

2
(pe1 · pν1

)(pe2 · pν2
) (5.38)

where the term Mt1
0νφββ

is obtained by separating the nuclear from the leptonic part of Mt1
2νββ via a

Fierz transformation. Thus, Mt1
0νφββ

contains only the nuclear part of the process while the leptonic part

is carried by (pe1 · pν1)(pe2 · pν2)/(q
2
φ −m2

φ)
2. We have then the decay rate for the t1-channel given by

Γt1
2νφββ

≈ |gφ|2

64(2π)11M2

∣∣∣Mt1
0νφββ

∣∣∣2 ∫ d3~pe1
εe1

d3~pe2
εe2

d3~pν1

εν1

d3~pν2

εν2

a(εe1 , εe2)

× (pe1 · pν1
)(pe2 · pν2

)(
(p1 − pe1 − pν1)

2 −m2
φ

)2 δ(Q+ 2me − εe1 − εe2 − εν1
− εν2

)
(5.39)
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We immediately notice that there is a huge complication in this expression as it depends explicitly on

the momentum of the virtual W -boson, namely p1. Strictly speaking, the 4-momentum of the virtual

W-boson (p1) would be integrated in the nuclear part of the matrix element before joining the phase

space. We will come back to this matter in due course, but now, let us start by integrating the terms

which are independent of the denominator. Using Eq. (4.48), taking mνe
= 0 and integrating over the

solid angles of ~pe2 and ~pν2 , as those are currently the only free parameters, we obtain

∫
d3~pe2
εe2

d3~pν2

εν2

a(εe1 , εe2)(pe2 · pν2
)δ(Q+ 2me − εe1 − εe2 − εν1

− εν2
)

=16π2

(
2π

1− e−2παZ

)2 ∫
εe1
| ~pe1 |

ε2e2dεe2ε
2
ν2
dεν2

δ(Q+ 2me − εe1 − εe2 − εν1
− εν2

)

(5.40)

This we then integrate over εν2
to eliminate the delta function and finally over εe2 :

16π2

(
2π

1− e−2παZ

)2 ∫ Q+2me−εe1−εν1

me

εe1
| ~pe1 |

ε2e2 (Q+ 2me − εe1 − εe2 − εν1
)
2
dεe2

=16π2

(
2π

1− e−2παZ

)2
εe1
| ~pe1 |

1

30
(Q+me − εe1 − εν1

)3
(
16m2 + 7m(Q− εe1 − εν1

)− (Q− εe1 − εν1
)2
)(5.41)

Plugging this result back in the decay rate we have, without further ado

Γt1
2νφββ

≈|gφ|2

∣∣∣Mt1
0νββφ

∣∣∣2
480(2π)9M2

(
2π

1− e−2παZ

)2 ∫ [
16m2

e + 7me(Q− εe1 − εν1
)− (Q− εe1 − εν1

)2
]
εν1
εe1

× (Q+me − εe1 − εν1
)
3 εe1εν1 − |~pe1 |εν1 cos (δ)(

(p1 − pe1 − pν1)
2 −m2

φ

)2 dεe1d cosα dφ1dεν1
d cosβ dφ2 (5.42)

We can see p1 as the momentum transfer between the two incoming neutrons and outgoing protons,

which have a relative 3-momentum |~PN | of the order of 100 MeV according to the closure approximation

[21] discussed in Section 3.4. The total energy of the neutrons is then their mass mN plus the kinetic

energy term. However, the mass term cannot be transferred through the leptonic current since the proton

and neutron have approximately the same mass. Thus, p1 can then be separated into temporal (ε1) and

spatial (~p1) components. |~p1| will be the 100 MeV from the relative 3-momenta of the nucleons, while

the total energy ε1 is given by the kinetic energy term only. Considering the order of magnitude of the

energies involved, we can use the non-relativistic approximation and write ε1 ≈ |~p1|2
2mN

≈ 5 MeV. These

considerations made, we can drop the quantities in the denominator of the integrand which are too small.

We have already done that for the higher order correction imφΓφ in the Majoron propagator in Section 5.2

in anticipation to this step. Writing explicitly the momenta squared, we have

(p1 − pe1 − pν1)
2 = p21 + p2e1 + p2ν1

− 2(p1 · pe1)− 2(p1 · pν1) + 2(pe1 · pν1)

We now separate temporal and spatial components, and pull |~p1|2 out of the expression:

ε21 − |~p1|2 +m2
e − 2 (ε1εe1 − |~p1||~pe1 | cosα)− 2 (ε1εe1 − |~p1|εν1

cosβ) + 2 (εe1εν1
− |~pe1 |εν1

cos δ)

=|~p1|2
[
ε21

|~p1|2
+ 2

εe1εν1 − ε1εe1 − ε1εν1

|~p1|2
+

m2
e

|~p1|2
− 1 + 2

|~pe1 |
|~p1|

cosα+ 2
εν1

|~p1|
cosβ − 2

|~pe1 |
|~p1|

εν1

|~p1|
cos δ

]
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Where α, β and δ are respectively the angles between ~p1 and ~pe1 , ~p1 and ~pν1
, and ~pe1 and ~pν1

. Now we

see two terms which we know are negligible: me

|~p1| and ε1
|~p1| . Neglecting these terms, we are left with

(p1 − pe1 − pν1
)2 ≈ 2|~p1|2

[
|~pe1 |
|~p1|

cosα+
εν1

|~p1|
cosβ +

|~pe1 |
|~p1|

εν1

|~p1|
(1− cos δ)− 1

2

]

By defining two new variables as

x =
|~pe1 |
|~p1|

, y =
εν1

|~p1|
(5.43)

we can write the terms in the integrand which depend on the energies as

εe1εν1

εe1εν1
− |~pe1 |εν1

cos δ(
2|~p1|2

(
x cosα+ y cosβ + xy(1− cos δ)− 1

2

)
−m2

φ

)2
≈ x2y2 (1− cos (δ))(

2
(
x cosα+ y cosβ + xy(1− cos δ)− 1

2

)
− m2

φ

|~p1|2

)2 (5.44)

where we have neglected m2
φΓ

2
φ

|~p1|4 as m2
φΓ

2
φ is a tiny number by itself and goes to zero when divided by |~p1|4.

What we do now is a 3rd order expansion around x and y, which yield the 3 terms

1st :
|~p1|4x2y2(1− cos δ)(

m2
φ + |~p1|2

)2 (5.45)

2nd :
4|~p1|6x2y2(1− cos δ) (x cosα+ y cosβ)(

m2
φ + |~p1|2

)3 (5.46)

3rd :
4|~p1|6x3y3(1− cos δ)

(
(1− cos δ)

(
m2

φ + |~p1|2
)
− 6|~p1|2 cosα cosβ

)
(
m2

φ + |~p1|2
)4 (5.47)

With this expansion, we simplify considerably the integral. However, you might have noticed that

we have 3 angles coming from the 3 scalar products. Luckily for us, the 3 angles are not independent.

Similarly to how we can calculate the great circle distance between two points on Earth by using latitude

and longitude coordinates, we can obtain the angle δ between the electron and the neutrino by using their

longitude and co-latitude. In our case, ~p1 is acting as the north pole as it can be fixed at an arbitrary

axis in our coordinate system since it is not being integrated. The formula for the angle δ is then given

by [38]

cos δ = cosα cosβ + sinα sinβ cos (φ1 − φ2) (5.48)

The first two terms in the expansion depend linearly on cos δ, but for the third we have the term

(1− cos δ)2, which results in

cos2 α cos2 β cos2(φ1 − φ2) + 2 cosα cosβ(sinα sinβ − 1) cos(φ1 − φ2) + (sinα sinβ − 1)2
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Hence, upon integration, we will be dealing with the two terms

∫ 2π

0

∫ 2π

0

cos(φ1 − φ2)dφ1dφ2 = 0,

∫ 2π

0

∫ 2π

0

cos2(φ1 − φ2)dφ1dφ2 = 2π2

which yield ∫ 2π

0

(1− cos δ)2dφ1dφ2 = 2π2 cos2 α cos2 β + 4π2(sinα sinβ − 1)2

Integrating the 3 terms in Eqs. 5.45 to 5.47 by φ1 and φ2 by using the calculations above, they reduce to

1st :
4π2ε2e1ε

2
ν1

(
1−

√
1− cos2 α

√
1− cos2 β

)
(
m2

φ − |~p1|2
)2 (5.49)

2nd :
16π2ε2e1ε

2
ν1

(
1−

√
1− cos2 α

√
1− cos2 β

)
(|~p1|εe1 cosα+ |~p1|εν1 cosβ)(

m2
φ + |~p1|2

)3 (5.50)

3rd :
8π2ε3e1ε

3
ν1

cos2 α cos2 β(
m2

φ + |~p1|2
)3 +

16π2ε3e1ε
3
ν1

(√
1− cos2 α

√
1− cos2 β − 1

)2
(
m2

φ + |~p1|2
)3

−
96π2ε3e1ε

3
ν1
|~p1|2

(
1−

√
1− cos2 α

√
1− cos2 β

)
cosα cosβ(

m2
φ + |~p1|2

)4
(5.51)

We are now back to familiar ground in which the integration is only over cosines. The terms that we

have to deal with now are of the form

∫ 1

−1

√
1− x2dx =

π

2
,

∫ 1

−1

√
1− x2xdx = 0

The second term and the last part of the third term of the expansion drop out upon integrating the

cosines. As for the remaining integral,

∫ 1

−1

∫ 1

−1

(
x2y2 − 2

√
1− x2

√
1− y2 − x2 − y2 + 2

)
dxdy =

52

9
− π2

2
(5.52)

Hence, the remaining terms are

1st :
π2
(
16− π2

)
ε2e1ε

2
ν1(

m2
φ + |~p1|2

)2 , 3rd : =
8π2ε3e1ε

3
ν1

(
12− π2

)(
m2

φ + |~p1|2
)3 (5.53)

Putting these back into the decay rate equation gives

Γt1
2νφββ

≈|gφ|2

∣∣∣Mt1
0νββφ

∣∣∣2
480(2π)9M2

(
2π

1− e−2παZ

)2 ∫ [
16m2 + 7m(Q− εe1 − εν1

)− (Q− εe1 − εν1
)2
]

× (Q+me − εe1 − εν1
)
3

π2
(
16− π2

)
ε2e1ε

2
ν1(

|~p1|2 +m2
φ

)2 +
8π2(12− π2)ε3e1ε

3
ν1(

|~p1|2 +m2
φ

)3
 dεe1dεν1

(5.54)
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Notice that this time we have an integral over one electron and one neutrino, as opposed to the s-channel

in which we had the remaining integral over two electrons. The term in Eq. (5.54) proportional to ε2e1ε
2
ν1

yields

∫ Q+me

me

∫ Q+2me−εe1

0

(Q+me − εe1 − εν1
)
3 [

16m2 + 7m(Q− εe1 − εν1
)− (Q− εe1 − εν1

)2
]
ε2e1ε

2
ν1
dεν1

dεe1

=

∫ Q+me

me

ε2e1
168

[
−(Q− x)8 + 16me(Q− x)7 + 112m2

e(Q− εe1)
6 + 392m3

e(Q− εe1)
5 + 770m4

e(Q− εe1)
4

+896m5
e(Q− εe1)

3 + 336m6
e(Q− εe1)

2 + 768m7
e(εe1 −Q)− 864m8

e

]
dεe1

=
Q

83160

[
Q10 + 22meQ

9 + 220m2
eQ

8 + 990m3
eQ

7 + 1980m4
eQ

6 − 4620m6
eQ

4

−41250m7
eQ

3 − 148665m8
eQ

2 − 198495m9
eQ− 89595m10

e

]
And the term in Eq. (5.54) proportional to ε3e1ε

3
ν1

yields

∫ Q+me

me

∫ Q+2me−εe1

0

(Q+me − εe1 − εν1
)
3 [

16m2 + 7m(Q− εe1 − εν1
)− (Q− εe1 − εν1

)2
]
ε3e1ε

3
ν1
dεν1

dεe1

=

∫ Q+me

me

ε3e1

[
(Q− εe1)

9

504
+
me(Q− εe1)

8

28
+

2m2
e(Q− εe1)

7

7
+

7m3
e(Q− εe1)

6

6
+

11m4
e(Q− εe1)

5

4

+4m5
e(Q− εe1)

4 + 2m6
e(Q− εe1)

3 − 48m7
e(Q− εe1)

2

7
− 108m8

e(Q− εe1)

7
− 608m9

e

63

]
dεe1

=
(Q+me)

5

1441440

[
Q8 + 21meQ

7 + 197m2
eQ

6 + 797m3
eQ

5 + 980m4
eQ

4

−2076m5
eQ

3 − 25556m6
eQ

2 − 79942m7
eQ− 489254m8

e

]
Combining these results with Eq. (5.54), we obtain the total decay rate for the t1-channel

Γt1
2νφββ

≈ |gφ|2

26611200(2π)6M2


∣∣∣Mt1

0νββφ

∣∣∣
1− e−2παZ

2

×

 (
16− π2

)
Q

6
(
|~p1|2 +m2

φ

)2
[
Q10 + 22meQ

9 + 220m2
eQ

8 + 990m3
eQ

7 + 1980m4
eQ

6 − 4620m6
eQ

4

−41250m7
eQ

3 − 14865m8
eQ

2 − 198495m9
eQ− 89595m10

e

]
+

(
12− π2

)
(Q+me)

5

13
(
|~p1|2 +m2

φ

)3
[
Q8 + 21meQ

7 + 197m2
eQ

6 + 797m3
eQ

5 + 980m4
eQ

4

−2076m5
eQ

3 − 25556m6
eQ

2 − 79942m7
eQ− 489254m8

e

]


(5.55)

The Q-value dependency is of the order of Q11, similarly to the s-channel. The remaining terms of the

t+u-channel can be obtained in the exact same way, though not used in this work. We will keep using only

the t1-channel for the energy distributions and show how it compares to the s-channel, to the standard

2νββ, and what the addition of the missing terms would incur.

5.4 Energy Distribution

The energy distribution of neutrino-emitting processes is substantially harder to obtain as we must also

integrate over the neutrinos’ energies and solid angles. We will start with the s-channel and ignore

constants as we care only about the shape of the function.
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5.4.1 s-Channel

From Eq. (5.29) we have

[
dΓ

dεe1dεe2

]s
2νφββ

∝ ε2e1ε
2
e2

∫
δ(Q+ 2me − εe1 − εe2 − εν)

 ε5ν
m4

φ

∫ 1

0

x
(
1− x2

)(
ε2ν
m2

φ
(1− x2)− 1

)2
+

Γ2
φ

m2
φ

dx

 dεν
(5.56)

In Section 5.3 we have chosen a heuristic approach to treat this integral just to have an overview on

the dependency of this process on the Q-value. Now we want to solve it analytically. This is a fairly

complicated integral, so we rely on Mathematica to solve it. The term in square brackets evaluates to

εν
2

mφ

Γφ

[
arctan

(
Γφmφ

m2
φ − ε2ν

)
− arctan

(
Γφ

mφ

)]
+
εν
4

[
ln
(
Γ2
φm

2
φ +

(
m2

φ − ε2ν
)2)− ln

(
Γ2
φm

2
φ +m4

φ

)]

As a side note, if we were to take the limit Γφ → 0, as done in Section 5.3, we would obtain

εν
4

(
2ε2ν

m2
φ − ε2ν

+ log
(
(m2

φ − ε2ν)
2
)
− log

(
m4

φ

))

which is not indeterminate, as one could fear due to the presence of a Γ−1
φ term. Putting the full expression

back into Eq. (5.56), we get

[
dΓ

dεe1dεe2

]s
2νφββ

∝ε2e1ε
2
e2

Q+ 2me − εe1 − εe2
2

×

[
mφ

Γφ

(
arctan

(
Γφmφ

m2
φ − (Q+ 2me − εe1 − εe2)

2

)
− arctan

(
Γφ

mφ

))

+
1

2
ln
(
Γ2
φm

2
φ +

(
m2

φ − (Q+ 2me − εe1 − εe2)
2
)2)− 1

2
ln
(
Γ2
φm

2
φ +m4

φ

)]
(5.57)

The 2-dimensional energy distribution for this process is shown in Figure 12 with an arbitrary choice of

mφ = 4 MeV and Γφ = 10−3mφ. These values were chosen because the Majoron coupling with neutrinos

is expected to be small and the decay rate is greater for a mφ closer to the Q-value. Also, the mφ must be

greater than Q, otherwise the process would be dominated by 0νββφ. Contrary to the energy distribution

of the neutrinoless processes, depicted in Figure 7, this process has an energy distribution shifted towards

lower electron energies. We now want to see how the energy distribution in terms of the total energy of

the electrons. We use the variable substitution in Eq. (4.59) and the integration in d (∆ε) in Eq. (4.60)

to obtain [
dΓ

dε

]s
2νφββ

∝
(
ε5

120
− ε2m3

e

6
+
εm4

e

4
− m5

e

10

)
(Q+ 2me − ε)

×

[
2mφ

Γφ

(
arctan

(
Γφmφ

m2
φ − (Q+ 2me − ε)2

)
− arctan

(
Γφ

mφ

))
+ ln

(
Γ2
φm

2
φ +

(
m2

φ − (Q+ 2me − ε)2
)2)− ln

(
Γ2
φm

2
φ +m4

φ

)]
(5.58)
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Figure 12: 2νsφββ 2-dimensional electron kinetic energy K1,K2 distribution at Q = 3 MeV for mφ = 4

MeV and Γφ = 10−3mφ.

As a result, we have two interesting graphs. Figure 13 (left) shows us how the decay rate is heavily

suppressed by mφ. Also, though hardly noticeable, increasing mφ shifts the distribution towards higher

energies. Figure 13 (right) shows how small the dependency of the decay rate actually is on Γφ. To have

a considerable effect on the decay rate, we need a Γφ close to 1, which would mean a coupling as strong

as that of the strong interaction. It is also possible to notice a small shift to the right for greater Γφ

values.

Unfortunately, Eq. (5.58) cannot be integrated analytically. Resorting to numerical integration, we

obtain the total decay rate as a function of mφ for fixed Q = 3 MeV and Γφ = 10−3mφ as shown in

Figure 14 (left). Doing the same for a fixed Q = 3 MeV and mφ = 4 MeV, we obtain the total decay rate

as a function of Γφ, as shown in Figure 14 (right). In Figure 14 (left) we see the same strong suppression

of Γ2νs
φββ

that we saw in Figure 13 (left). The x-axis in Figure 14 (right) is in logarithm scale to make

explicit how the function is barely affected by Γφ < 0.1. As we do not expect the coupling to be too

mϕ = 4 MeV
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mϕ = 6 MeV
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Figure 13: 2νsφββ total electron kinetic energy Ke distribution at Q = 3 MeV. Left: Γφ = 10−3mφ for 3
values of mφ. Right: mφ = 4 MeV for 3 values of Γφ.
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Figure 14: 2νsφββ total decay rate at Q = 3 MeV as a function of mφ for and Γφ = 10−3mφ (left) and as
a function of Γφ for mφ = 4 MeV (right).

strong, we can safely take the limit Γφ → 0.

Both neutrino emitting processes (2νββ and 2νφββ) yield analogous spectra, not to mention having

identical signatures. The graph in Figure 15 shows the normalised energy distribution of both 2νββ and

2νsφββ for 2 values of mφ. The normalisation is done by dividing the distributions by their integrals ( 1
Γ

dΓ
dε )

so that the total area under the curve is 1. The two values for mφ were chosen to better demonstrate

how the 2νsφββ energy distribution approaches that of 2νββ for larger mφ, although even for small mφ

they are not very distant from each other. In fact, if we define a deviation

dev(ε,mφ,Γφ) =

[
1
Γ

dΓ
dε

]s
2νφββ

−
[
1
Γ

dΓ
dε

]
2νββ[

1
Γ

dΓ
dε

]
2νββ

(5.59)

we can visualise how the energy distributions move closer and away from each other. For the three values

of mφ, we have the deviation plotted in Figure 16 (left). The curves for all 3 values of mφ seem to

intercept at the same point short before crossing the x-axis. If we choose to vary mφ rather than the

kinetic energy, we can plot the maximum value of the deviation in the energy interval (from 0 to Q)

as a function of mφ. This yields the graph in Figure 16 (right). We see clearly that for larger mφ the

2νββ

mϕ = 4 MeV

mϕ = 6 MeV
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Figure 15: Comparison between 2νββ and 2νsφββ total electron kinetic energy Ke distributions at Q = 3

MeV for mφ = 4 MeV and 6 MeV. Γφ = 10−3mφ.
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Figure 16: Left: 2νsφββ deviation from 2νββ at Q = 3 MeV for 3 values of mφ; Γφ = 10−3mφ. Right:
Maximum value of the deviation between 2νββ and 2νsφββ at Q = 3 MeV and Γφ = 10−3mφ as a function
of mφ.

two curves approach and become practically indistinguishable. For small mφ, on the other hand, the

deviation grows very fast and the curves are separated.

5.4.2 t+u-Channel

The t1-channel is fairly easy to calculate once we have taken the expansion for |~p1| >> ε1. From Eq. (5.54)

we have the partial decay rate in terms of εe1 ad εν1
, however, we need to obtain it as a function of the 2

electron energies. For that, we first have to undo the integral over εe2 in Eq. (5.41). Doing so results in

[
dΓ

dεe1dεe2

]t1
2νφββ

∝
∫
ε2e2(Q+ 2me − εe1 − εe2 − εν1

)2

(16− π2
)
ε2e1ε

2
ν1(

|~p1|+m2
φ

)2 +
8(12− π2)ε3e1ε

3
ν1(

|~p1|2 +m2
φ

)3
 dεν1

(5.60)

We now have only to integrate over εν1 . Calculating the 2 polynomial integrals


∫ Q+2me−εe1−εe2
0

(Q+ 2me − εe1 − εe2 − εν1
)2ε2ν1

dεν1
= 1

30 (Q+ 2me − εe1 − εe2)
5∫ Q+2me−εe1−εe2

0
(Q+ 2me − εe1 − εe2 − εν1

)2ε3ν1
dεν1

= 1
60 (Q+ 2me − εe1 − εe2)

6

and plugging them back into Eq. (5.60) yields

[
dΓ

dεe1dεe2

]t1
2νφββ

∝ 1

30
(Q+ 2me − εe1 − εe2)

5ε2e1ε
2
e2

×

(Q+ 2m− εe1 − εe2)
4(12− π2)εe1(
|~p1|2 +m2

φ

)3 +

(
16− π2

)(
|~p1|2 +m2

φ

)2
 (5.61)

The first characteristic of this equation that we promptly notice is that it is asymmetric with respect

to the two electrons. In fact, Figure 17 shows this 2D energy distribution for the same mφ = 4 MeV

and Q = 3 MeV chosen for the s-channel, but this time with an extra |~p1| = 100 MeV factor and no Γφ

dependency. The asymmetry is heavily suppressed by the magnitude of |~p1| added to that of mφ in the

denominator and is barely noticeable in the plot. The peak is located at the point (0.127638, 0.127556),
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Figure 17: 2νt1φ ββ 2-dimensional electron kinetic energy Ke1 ,Ke2 distribution at Q = 3 Mev, mφ = 4 MeV
and |~p1| = 100 MeV.

which represents an asymmetry of less than 0.1%. Other than that, we see a figure almost identical to

Figure 12. As for the energy distribution in terms of the total energy of the electrons, the asymmetry is

eliminated by the integration over ∆ε. We have, again, two polynomial terms to integrate. The first is

the usual integral from Eq. (4.60), the second is

−1

2

∫ 2me−ε

ε−2me

(
ε+∆ε

2

)3(
ε−∆ε

2

)2

d(∆ε) =
ε

60

(
ε5 − 20m3

eε
2 + 30m4

eε− 12m5
e

)
resulting in the partial decay rate

[
dΓ

dε

]t1
2νφββ

∝ 1

900
(Q+ 2me − ε)5

(
ε5 − 20m3

eε
2 + 30m4

eε− 12m5
e

)

×

(Q+ 2m− ε)
2(12− π2)ε(
|~p1|2 +m2

φ

)3 +

(
16− π2

)(
|~p1|2 +m2

φ

)2
 (5.62)

Before we proceed to analyse its behaviour, let us have a brief digression on why we saw that asymmetry

in the first place. As opposed to the s-channel, we have broken the t+u-channel into 4 processes, namely

t1, t2, u1 and u2. Each of these processes compose the final t+u-channel and bring a different but

symmetric dependency on the neutrinos and electrons. Here, we have calculated the decay rate only

for the particular process t1, which carries only e1 and ν1. Should we include the remaining processes,

t1 would be compensated by the dependency on e2 and ν2 present on those. This said, we may now

come back to the energy distribution of the t1-channel, which is shown in Figure 18 (left) for different

choices of mφ. Here we have chosen larger variations for the value of mφ than done for the s-channel to

account to the large value of |~p1| that would make a variation of only 1 MeV unnoticeable. Although

barely noticeable, the distribution has a tiny shift towards larger energies for larger mφ due to the

term of order 3 in the denominator. The most pronounced feature of this distribution, however, is the
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Figure 18: Left: 2νt1φ ββ total electron kinetic energy Ke distribution at Q = 3 MeV and |~p1| = 100 MeV
for 3 values of mφ. Right: 2νt1φ ββ decay rate as a function of |~p1| at Q = 3 MeV and mφ = 4 MeV.

heavy suppression promoted by |~p1| in the denominator. Of course we cannot go to low values of |~p1|

as this would go against our first assumption that |~p1| is a large number compared to the other energies

involved. Hence, the order of magnitude of |~p1| is of paramount importance to this process and ends up

overshadowing mφ. The total decay rate obtained in Eq. (5.55) shows, in Figure 18 (right), how big the

contribution of |~p1| is. The y-axis is now in logarithmic scale to better display the slope, which decreases

too fast for a linear scale. It is, however, not realistic to look at values lower than 10Q for Q = 3 MeV

and the expansion we have made stops being valid. Due to this large value of |~p1|, the normalised energy

distribution is in an almost perfect overlap with that of 2νββ for any value of mφ. Indeed, we cannot

distinguish them if plotted together. Instead, we define the same deviation for the t1-channel as done for

the s-channel in Eq. (5.59), however, it is now a function of |~p1| rather than Γφ. Plotting the deviation

for 3 realistic values of |~p1| and mφ = 3 MeV results in the parabolic curves shown in Figure 19 (left).

When comparing to the s-channel, we see that the t-channel has a deviation of order 10−4 compared to

that of the s-channel. The shape of the curve is also different, but this is not so relevant as it is purely the

result of how much the shapes are overlapped point by point. What is useful is how the maximum of the

deviation varies as a function of mφ as shown in Figure 19 (right). Again, we see a different shape to that

obtained for of the s-channel. Of course both processes have a different dependency on mφ, nonetheless

Figure 19 (right) is mostly the result of an illusion caused by the magnitude of |~p1|. Indeed, if plotting
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Figure 19: Left: 2νt1φ ββ deviation frorm 2νββ at Q = 3 MeV and mφ = 4 MeV for 3 values of |~p1|. Right:
Maximum value of the relative error between 2νββ and 2νsφββ at Q = 3 MeV and |~p1| = 100 MeV as a
function of mφ.
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the same curve as a function of |~p1| rather than mφ, one would observe a plot almost identical to that

in Figure 16 (right). Notwithstanding, for a large enough mφ, the normalised energy distribution of all

neutrino emitting processes approach and overlap. This is a explicit of the Majoron coupling approaching

an effective operator that couples 4 particles without a propagating virtual particle, such that we only

see 2 neutrinos entering and 2 neutrinos leaving the vertex.

6 Conclusion

In this work we have scrutinized some of the most promising exotic ββ decay modes: the standard neutri-

noless double beta (0νββ) decay, the simplest Majoron emitting neutrinoless double beta (0νββφ) decay,

and the two variations of the simplest Majoron triggered double beta (2νφββ) decay. Both neutrinoless

modes have been well investigated in the literature, thus, we chose to have a more heuristic approach. As

for 2νφββ decay, it had never been thoroughly studied before and we present calculations of the leptonic

amplitudes and decay distributions as a starting point for further investigations.

Firstly, we studied the leptonic part of 0νββ decay as if it was a W−W− → e−e− collision and

compared it to the lepton number conserving process W+W− → e+e−. While the latter depends on the

momentum of the virtual neutrino, we have shown that the former is proportional to the neutrino mass.

This behaviour is due to the chirality mismatch in the W -boson vertices and causes the process to be

greatly suppressed by the smallness of the neutrino mass.

Then, for the leptonic part of 0νββφ decay, we have considered the most general ν − φ coupling,

which considers both left and right-handed currents. We have shown that such a process favours emitting

electrons with a large share of the decay’s kinetic energy release, resulting in an almost antiparallel

electron scattering and a low energy Majoron. This is very distinct to the neutirno emitting processes,

in which the spectra favours electrons with a smaller share of the decay’s kinetic energy release.

Finally, the 2νφββ decay was separated into s and t+u-channels. The former being only possible for

Majorana neutrinos. Both channels result in very distinct leptonic currents, but a similar phase space and

energy distribution. The 2νsφββ mode has the advantage of having the mφ as the only suppression while

the 2νt+u
φ ββ mode is heavily suppressed by the 4-momentum of the internal W -boson. We have shown

that a larger mφ also shifts the energy distribution towards larger electron energies. This behaviour is

opposite to that of 0νββφ decay and, for a large enough mφ, makes the normalised energy distribution

of 2νφββ decay indistinguishable from that of 2νββ decay. Due to the large average value of the internal

momentum flow, the 2νt+u
φ ββ mode normalised energy spectrum always overlaps with that of 2νββ decay.

These results show that, while the neutrinoless processes can be easily distinguished from 2νββ decay,

2νφββ decay yields a practically identical spectrum to it under the right conditions. Using realistic values

for the Q-value and mφ, we have shown that these required conditions are, in fact, easily achievable. Of

course the extra suppression from mφ makes the half life of 2νφββ very long, nonetheless, this process

provides an outstanding contribution to ββ decay. We have offered a generic model coupling both left

and right-handed currents which can be refined to more specific scenarios. Using this kind of processes,

one can search for exotic scalar particles coupling to neutrinos. A wonderful consequence of finding such

weakly interacting particles would be obtaining a straightforward candidate to dark matter.
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A W+W− → e+e− Matrix Element

Following the standard Feynman rules, the W+W− → e+e− matrix element is

M =
g2W |Uei|2εµ(p1)εν(p2)

8m2
W (q2 −m2

νi
)

[
ūe(p3)(14 + γ5)γµ

]
(/q +mνi

)
[
γν(14 − γ5)ve(p4)

]
(A.1)

We can clearly see that the only difference from this matrix element from that of the lepton number

violating process is the order of the matrices in the second vertex. The overall result of this swap is

preserving the momentum of the virtual particle rather than its mass. Thus

M =
g2W (U∗

ei)
2εµ(p1)εν(p2)

4(q2 −m2
νi
)

ūe(p3)γ
µ(14 − γ5)/qγ

νve(p4) (A.2)

As for the averaged matrix element squared, we use Casimir’s trick by defining the matrices

Γ1 = γµ/qγ
ν(1− γ5); Γ̄2 = (1 + γ5)γσ/qγ

ρ

which results in

〈
|M|2

〉
=

g4W |Uei|4

288(q2 −m2
νi
)2

(
−gµρ +

p1µp1ρ
m2

W

)(
−gνσ +

p2νp2σ
m2

W

)
Tr
[
(14 + γ5)γµ/qγ

ν
/p4γ

σ
/qγ

ρ
/p3

]
(A.3)

Evaluating this trace and contracting the indices on Mathematica, we obtain

〈
|M|2

〉
=

g4w |Uei|4

72m4
W

(
t−m2

νi

)2 [(p1 · p3)2 ((2m2
W − p22

)
(p3 · p4) + 2 (p2 · p3) (p2 · p4)

)
+ 2 (p1 · p3)

(
2m2

W − p23
) ((

2m2
W − p22

)
(p1 · p4) + 2 (p1 · p2) (p2 · p4)

)
+ 4p21 (p1 · p3)

((
p22 − 2m2

W

)
(p3 · p4)− 2 (p2 · p3) (p2 · p4)

)
− p23

(
2m2

W − p21
) (

2m2
W − p22

)
(2 (p1 · p4)− p3 · p4)

+ 2p23
(
2m2

W − p21
)
(2 (p1 · p2)− p2 · p3) (p2 · p4)

− p21
(
2m2

W − p21
) ((

2m2
W − p22

)
(p3 · p4) + 2 (p2 · p3) (p2 · p4)

)]

(A.4)

Upon adopting the Mandelstam variables in Eq. (4.8), this lengthy expression becomes

〈
|M|2

〉
=

g4w |Uei|4

144m4
W

(
t−m2

νi

)2 [m8
e +m6

e

(
6m2

W − s− 3t− u
)

+m4
e

(
m4

W +m2
W (3s− 13t− 5u) + 2st+ 3t(t+ u)

)
+m2

e

(
2m4

W (5s− t− 5u) + 2m2
W t(−3s+ 4t+ 5u)− t2(s+ t+ 3u)

)
+ 4m6

W (s− u) +m4
W t(−8s+ t+ 8u)−m2

W t2(−3s+ t+ 5u) + t3u
]

(A.5)

which is the final averaged matrix element squared.
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B The Standard Double Beta Decay

In this work we have calculated exotic contributions to double beta decay, but not the actual standard

double beta decay. As we aim to compare the exotic processes to the corresponding well known standard

process, we will now briefly calculate the leptonic current of 2νββ.

e−

U∗
ei ν̄i

e−

ν̄iU∗
ei

p1

p2

p3

p4

p6

p5

Figure 20: ...

Differently from the exotic processes, the 2νββ Feynman diagram is not a single connected diagram,

but two individual diagrams occurring simultaneously. This can be seen as a “and” association of prob-

abilities, which is acquired by multiplying the individual probabilities. A sing beta decay yields the

current

Mβ =
gWU∗

ei

2
√
2

[
ūe(p3)γ

µ(14 − γ5)vνi
(p5)

]
(B.1)

Combining two beta decays into a double beta decay results in

M2νββ =
g2W (U∗

ei)
2

8

[
ūe(p3)γ

µ(14 − γ5)vνi
(p5)

] [
ūe(p4)γ

ν(14 − γ5)vνi
(p6)

]
(B.2)

The averaged squared matrix element is then easily obtained using Casimir’s trick, as usual:

〈
|M2νββ |2

〉
=

1

22 × 3

g4W |Uei|4

16
Tr
[
(14 + γ5)γµ/p5γ

ρ
/p3

]
Tr
[
(14 + γ5)γν/p6γ

σ
/p4

]
=
g4W |Uei|4

192
Tr
[
(14 + γ5)γµ/p5γ

ρ
/p3

]
Tr
[
(14 + γ5)γν/p6γ

σ
/p4

] (B.3)

The trace can be evaluated either by using the standard trace identities for gamma matrices [36] or

directly with Mathematica, resulting in

〈
|M2νββ |2

〉
=
g4W |Uei|4

12
[((p3 · p5) gµσ − p5

µp3
ρ − p3

µp5
ρ + iεµρp3p5)

× ((p4 · p6) gνσ − p6
νp4

σ − p4
νp6

σ + iενσp4p6)]

(B.4)

Although there is an imaginary term arising from each trace, they will ultimately vanish when contracted

with the hadronic current as the matrix element squared is a real number.
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As for the phase space, it is given similarly as in the previous processes by

Γ2νββ ≈ 1

2M
|M2νββ |2

∫
d3 ~P

2(2π)3M

d3~pe1
2(2π)3εe1

d3~pe2
2(2π)3εe2

d3~pν1

2(2π)3εν1

d3~pν2

2(2π)3εν2

(pe1 · pν1
)

× (pe2 · pν2
)(2π)4δ(4)(P − pe1 − pe2 + pν1

+ pν2
− P̃ )a(εe1 , εe2)

(B.5)

Since this calculation follows pretty much the same techniques used in the previous calculations, we will

skip through repetitive steps. Integrating over P, using the usual substitution d3~pj → |~pj |2d|~pj |dφd cos (θ),

and integrate over the solid angles, we obtain

Γ2νββ ≈ 1

4(2π)7M2

(
|M2νββ |

1− e−2πaZ

)2 ∫
ε2e1dεe1ε

2
e2dεe2ε

2
ν1
dεν1

ε2ν2
dεν2

δ(Q+ 2me − εe1 − εe2 + εν1
+ εν2

)

Where we have taken the neutrinos to be approximately massless. We may now use again the variable

substitution defined by Eq. (5.30) and Eq. (5.31), resulting in

Γ2νββ ≈ 1

4(2π)7M2

(
|M2νββ |

1− e−2πaZ

)2 ∫
ε2e1dεe1ε

2
e2dεe2

ε5 sin5 (2ξ)

4
dεdξδ(Q+ 2me − εe1 − εe2 + ε)

Integrating the angle ξ, we are left with only the integral over the energies

Γ2νββ ≈ 1

30(2π)7M2

(
|M2νββ |

1− e−2πaZ

)2 ∫
ε2e1dεe1ε

2
e2dεe2ε

5dεδ(Q+ 2me − εe1 − εe2 + ε)

We then integrate over the neutrinos’ energy and get rid of the remaining delta function

Γ2νββ ≈ 1

30(2π)7M2

(
|M2νββ |

1− e−2πaZ

)2 ∫ Q+me

me

∫ Q+2me−εe2

me

ε2e1ε
2
e2 (Q+ 2me − εe1 − εe2)

5
dεe1dεe2 (B.6)

What is left is the integral over the energies of each electron. Integrating over the first electron energy,

we obtain

Γ2νββ ≈ 1

30(2π)7M2

(
|M2νββ |

1− e−2πaZ

)2

×
∫ Q+me

me

1

168
ε2e2
(
37m2 + 10m(Q− εe2) + (Q− εe2)

2
)
(m+Q− εe2)

6dεe2

Finally, integrating over the second electron energy, the total decay rate is

Γ2νββ ≈ 1

(2π)7M2

(
|M2νββ |

1− e−2πaZ

)2
Q11 + 22mQ10 + 220m2Q9 + 990m3Q8 + 1980m4Q7

2494800
(B.7)
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